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ABSTRACT

The details of Theodorsen’s method for computing the conformal map from the ex-

terior of the unit disk to the exterior of a simple closed curve in the complex plane are

reviewed. An implementation of the method in Matlab is presented and used to compute

potential flow over a single airfoil. Pressure curves and circulations for flows satisfying the

Kutta condition at the trailing edge of the airfoil are calculated and the results are compared

to output from a standard engineering code.
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CHAPTER 1

Introduction

1.1 Introduction

The purpose of this thesis is to present the details of Theodorsen’s method [14, 11]

for computing the conformal map from the exterior of the unit disk to the exterior of a

simple closed curve in the complex plane. An implementation of the method and supporting

functions in Matlab are presented and explained below. The basics of the complex velocity

potential and its computation are also reviewed and used to compute potential-flow over a

single airfoil. The pressure curve and circulation for flows satisfying the Kutta condition at

the trailing edge of the airfoil are calculated, and the results are compared to output from a

standard engineering code [12]. Most of the background material presented here is available,

for example, in [2, 4, 5, 11]. However, we collect it here for completeness.

Conformal maps have frequently been used in the past for airfoil analysis [10]. Re-

cently, newer methods for computing conformal maps and solving potential theory problems

in multiply connected domains have been developed and applied to airfoil calculations [7, 8].

This thesis considers only the simply connected case, and the calculations here, and in

planned future work using similar methods [6], are meant to provide guidance and bench-

mark studies for the ongoing efforts by DeLillo and his co-workers to compute flow over

multielement airfoils. Even though modern CFD codes are available, these classical confor-

mal mapping methods can provide a useful tool for early stages of the design process.

1.2 Outline

The main task is to use Matlab code to apply Theodorsen’s method to compute

potential flows over a single airfoil by conformally mapping streamlines in the circle domain

to streamlines in the airfoil domain. You can refer to chapters 1 through 5 for all of the
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necessary background material in complex analysis, Fourier series, conformal mapping, and

potential flow.

Figure 1.2.1: The following are graphs of the potential flow, assuming a 7◦ angle of attack,
about the NACA 2415 airfoil (left), the image of the airfoil under Karman-Trefftz (center),
and the unit circle.

Here is a brief outline of the thesis:

In chapter 2, we will motivate our work by reviewing the fluid dynamic concepts used

in this paper, such as potential flow, circulation, and the Kutta condition.

In chapters 3, 4 and 5, we review material related to conformal maps, numerical

methods, and Theodorsen’s method. Our reason for doing this is because, in order to map

to the exterior of an airfoil, the explicit Karman-Trefftz transformation k must first be

applied to smooth the corner at the trailing edge of the airfoil. This map will produce a

number of points on a curve γ which is more nearly circular where Theodorsen’s method can

be applied. The boundary of the domain produced by the Karman-Trefftz map must then

be parametrized by the argument φ of the boundary point with respect to an interior point

(say at 0). This will be done with a periodic cubic spline fit. Then Theordorsen’s method

will produce a conformal map w = h(z) mapping the exterior of the unit disk to the exterior

of the curve γ. The map f from the exterior of the unit disk to the exterior of the airfoil is

then

f(z) = k−1(h(z)),

where k−1 is the inverse of the Karman-Trefftz map, which is given by an explicit analytic

formula.

2



In chapter 6, we want to use the output of the codes implemented above to calculate

quantities of interest to designers of airfoils, such as pressure curves and streamlines.

3



CHAPTER 2

Fluid Dynamics

2.1 Introduction

The following chapter is a brief overview of discussions in [2, 4]. Since we will be

making use of conformal maps (see Chapter 3), we will refer to the circle domain as the

z-plane and the physical domain as the Z-plane.

-0.5 0 0.5 1

-1

-0.5

0

0.5

1

1.5

2

z-plane

-2 -1 0 1 2

-3

-2

-1

0

1

2

3

4

Z-plane

Figure 2.1.1: The graph on the left is of the image of an airfoil in the circle domain and the
graph on the right is of the airfoil in the physical domain.

2.2 Plotting Streamlines

A streamline, at fixed time t, is a curve which lies tangent to the instantaneous

velocity u(x, t) at each point x. Hence, for fixed time t, a streamline x = x(s), y = y(s) is

the solution to

dx

u
=
dy

v
= ds.
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However, since in the case of steady flow streamlines coincide with the particle path of the

fluid, we can write

dx

u
=
dy

v
= dt.

For that reason, as w′(z) = u − iv (see in Sec 2.3), we obtained the streamlines by solving

the system

dx

dt
= u = Re{w′(z)}

dy

dt
= v = −Im{w′(z)}

numerically using the Matlab solver ode45. This allows us to display streamlines originat-

ing near the stagnation points at the trailing edges. The streamlines in the circle domain,

where Im{w(z)} is constant, are then conformally mapped by Z = f(z) to streamlines on

their physical domain

Im{W (Z)} = Im{W (f(z))} = Im{w(z)}.

2.3 Complex Velocity Potential

Given that our flow must be incompressible we have

u = ∂yψ v = −∂xψ

and from irrotationality we have that

u = ∇φ.

Together these conditions lead us to conclude the velocity field can be represented by equa-

tions

u = ∂xφ = ∂yψ, v = ∂yφ = −∂xψ.

But these are exactly the Cauchy-Riemann equations for the complex potential,

w(z) = φ(x, y) + iψ(x, y),
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where the function w(z) is analytic in z = x + iy, φ is the potential, and ψ is the stream

function. Moreover, since (u, v) = (φx, φy) = (ψy,−ψx) we find that the conjugate complex

velocity is,

dw

dz
= φx + iψx = φx − iφy = u(x, y)− iv(x, y)

with flow speed,
∣∣dw
dz

∣∣ given by ∣∣∣∣dwdz
∣∣∣∣2 =

dw

dz

dw

dz
= u2 + v2.

Let us now establish, for the purposes of demonstrating key concepts from this chap-

ter, the example of potential flow past a circular cylinder of radius a centered on the origin

with an angle of attack α = 0 and superimpose circulation of arbitrary strength Γ

w(z) = U

(
z +

a2

z

)
− iΓ log(z)

2π
,

where U is the flow speed. Rewriting w(z) as

w(z) = U

(
x+ iy +

a2

x+ iy

)
− iΓ log(x+ iy)

2π

we immediately find the we can rewrite the complex flow potential in the form w(z) =

φ(x, y) + iψ(x, y) to get,

w(z) =

[
U

(
x+

xa2

x2 + y2

)
+

Γ

2π
arg(x+ iy)

]
− i
[
U

(
y − ya2

x2 + y2

)
+

Γ

4π
log
(
x2 + y2

)]
.

Then by application of the Cauchy-Riemann equations we get,φx(x, y) =
a2U(y2−x2)

(x2+y2)2
+ 2πU(x2+y2)+Γy

2π(x2+y2)

ψy(x, y) =
a2U(y2−x2)

(x2+y2)2
+ 2πU(x2+y2)+Γy

2π(x2+y2)

and {
φy(x, y) = 2a2Uxy

(x2+y2)2
+ Γx

2π(x2+y2)

−ψx(x, y) = 2a2Uxy
(x2+y2)2

+ Γx
2π(x2+y2)

.

Hence φx(x, y) = ψy(x, y) and φy(x, y) = −ψx(x, y) and w(z) is analytic.
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2.4 Bernoulli’s Equation

Bernoulli’s equation is a result in fluid dynamics which provides a relation between

changes in pressure, density, and velocity of a fluid.

Theorem 2.4.1. As the velocity of a fluid
∣∣dw
dz

∣∣ increases the pressure P within the fluid

decreases according to the following relation,

P +
ρ|dw/dz|2

2
= C

Applying this to our example, we find that since

w′(z) = U

(
1− a2

z2

)
− iΓ

2πz

we get the following relation

P +
ρ
∣∣∣U (1− a2

z2

)
− iΓ

2πz

∣∣∣2
2

= C

2.5 Circulation

The circulation Γ around a simple closed curve about the origin is defined as,

Γ =

∫
C

u · dx.

Applying this to our example,∫
C

u · dx =

∫
C

Re [udx+ vdy + i (udy − vdx)] = Re

∫
C

(u− iv)dz = Re

∫
C

w′(z)dz =

Re

∫
C

[
U

(
1− a2

z2

)
− iΓ

2πz

]
dz.

But by residue theorem we know
∫
C
U
(

1− a2

z2

)
dz = 0, and so we have that

Re

∫
C

[
U

(
1− a2

z2

)
− iΓ

2πz

]
dz = −Re

[
iΓ

2π
i2π

]
= Γ.

Hence Γ is the circulation of w(z) about C.

7



2.6 Kutta Condition

The Kutta condition is the requirement that at the trailing edge of an airfoil, the

flow must separate smoothly, without any abrupt changes in direction or pressure. Mathe-

matically this is equivalent to taking the circulation at the trailing edge of an airfoil to be

finite.

Now, before we move on to an example, it will be convenient for us to use a different

example then the one previously established. Let us consider uniform flow past a flat plate

of length 4 with an angle of attack α. Observe that the map from the circle domain (z-plane)

to the physical domain (Z-plane) is

Z = z +
1

z
= f(z).

Then, in the circle domain the complex potential is

w(z) = U

(
ze−iα +

1

z
eiα
)
− iΓ log(z)

2π
.

It follows then, as W (Z) = w(f−1(Z)), that dW
dZ

= dw
dz
/dZ
dz

. Differentiating we find{
dw
dz

= U
(
e−iα − 1

z2
eiα
)
− i Γ

2πz
dZ
dz

= 1− 1
z2
,

hence we get that

dW

dZ
=

(
Ue−iα − U

z2
eiα − i Γ

2πz

)
/

(
1− 1

z2

)
.

But notice, dW
dZ
→ ∞ at the ends of our plate (Z = ±2, z = ±1). The Kutta-Condition

selects the physical Γ as the one which eliminates these singularities by setting

Ue−iα − Ueiα − i Γ

2π
= 0

or

Γ = −4πU sin(α).

8



CHAPTER 3

Conformal Maps

3.1 Conformal Maps to Exterior Domains

Theorem 3.1.1. If f(z) is analytic in |z| > 1, continuous for |z| ≥ 1, and h(∞) = 0, then

for |z| > 1

f(z) = − 1

2πi

∫
|ζ|=1

f(ζ)

ζ − z
dζ,

where the unit circle |ζ| = 1 is traversed in the counterclockwise direction.

Proof 3.1.1. Given a conformal map f that is analytic in |z|, continuous for |z| ≥ 1, and

f(∞) = 0, then by the previous theorem for |z| > 0 we have that,

f(z) =
−1

2πi

∫
|ζ|=1

f(ζ)

ζ − z
dζ. (3.1)

Observe, by a simple rearrangement we can write,

f(z) =
1

2πi

∫
|ζ|=1

f(ζ)

1− ζ/z
dζ

z
.

So, since
∑

n=0 ξ
n = 1

1−ξ for |ξ| < 1 and |ζ/z| < 1, it follows that we can write (3.1) in the

form,

f(z) =
1

2πi

∫
|ζ|=1

f(ζ)
∑
n=1

(ζ/z)n
dζ

ζ
.

But, dζ = ieiϕdϕ and |ζ| = 1, so we get

f(z) =
1

2π

∫ 2π

0

h(ieiϕ)
∑
n=1

einϕ

zn
dϕ.

=
∑
n=1

z−n
1

2π

∫ 2π

0

f(ieiϕ)e−i(−n)ϕdϕ.

So (3.1) is exactly equal to

f(z) =
∑
n=1

f̂−nz
−n,

where f̂n are the Fourier coefficients of h(eiϕ). �

9



3.2 Karman-Trefftz Transformation

Unfortunately since airfoils are slender and contain a corner at their trailing edge,

we can not apply Theodoren’s Method directly to an airfoil as it requires that our curve

be nearly circular. Instead, we apply a Karman-Trefftz transformation which smooths the

corner at the trailing edge and maps the exterior of our airfoil to the exterior of a nearly

circular curve. The Karman-Trefftz transformation

ζ − ζ1

ζ − ζ2

=

(
z − z1

z − z2

)1/β

,

where z1 is the location of a corner with exterior angle βπ on some closed curve and z2 is

a point to the interior of the closed curve, maps z1 to ζ1 and z2 to ζ2. Moreover, provided

that z2 is chosen to be a point sufficiently close to the leading edge, the map

k(z) =
ζ1 − ζ2

(
z−z1
z−z2

)1/β

1−
(
z−z1
z−z2

)1/β
= ζ

results in a nearly circular closed curve.

0 0.2 0.4 0.6 0.8 1
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1

Figure 3.2.1: Points along the boundary of a NACA 2415 airfoil before and after the appli-
cation of the Karman-Trefftz map and centered at the origin.
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Due to the importance of the derivatives at infinity of conformal maps (to and from the

physical and circle domains) in determining the strength and orientation of the singularities

of the complex potential, we will now turn our attention now to the derivative of k(z) at∞.

For brevity, let us write

κ(z) =

(
z − z1

z − z2

)1/β

then

k(z) =
ζ1 − ζ2κ(z)

1− κ(z)
.

But as κ(z) =
(

1−z1/z
1−z2/z

)1/β

and (1− x)α = 1− αx+O(x2) for |x| < 1 we can write

κ(z) =
1− z1(βz)−1 +O(z−2)

1− z2(βz)−1 +O(z−2)
.

So, for z →∞ we find

κ(z)→ 1− z1 − z2

βz
+O(z−2)

and

k(z)→ β(ζ1 − ζ2)

z1 − z2

z.

Thus we get that

k′(∞) =
β(ζ1 − ζ2)

z1 − z2

=
1

(k−1)′(∞)
.

Since we are interested in conformally mapping data from the physical domain to the

circle domain and conformally mapping solutions in the circle domain back to the physical

domain, we will also require the use of the inverse Karman-Trefftz map

k−1(ζ) =
z1 − z2

(
ζ−ζ1
ζ−ζ2

)β
1−

(
ζ−ζ1
ζ−ζ2

)β = z

with derivative at infinity,

(k−1)′(∞) =
1

β

z2 − z1

ζ2 − ζ1

=
1

k′(∞)
.

11



The complex velocity potential W (Z) in the physical (airfoil) Z-plane in terms of the

velocity potential w(z) in the circle domain and the conformal map Z = f(z) is

W (Z) = W (f(z)) = w(z) = w(f−1(Z)).

Therefore, dw
dz

is given by

dw

dz
=
dW

dZ
=

d

dZ
w(f−1(Z)) = w′(z)

dz

dZ
= w′(z)/f ′(z).

For uniform velocity UZ at ∞ in the physical Z-plane, we need

UZ = w′(∞)/f ′(∞) = U/f ′(∞),

where U is the uniform velocity in the circle z-plane. Note that, since f(z) = k−1(h(z)),

f ′(z) = (k−1)′(h(z))h′(z).

The auxiliary function for exterior of the unit disk

h(z) =
∞∑

k=−1

a−kz
−k = a1z + a0 +O(1/z)

has h′(∞) = a1. For a single inverse Karman-Trefftz map, k−1(ζ), a calculation gives

(k−1)′(∞) =
1

β

(
z2 − z1

ζ2 − ζ1

)
.

Therefore, we need

U = UZf
′(∞) = UZ

(
z2 − z1

ζ2 − ζ1

)
a1/β.

This is currently implemented in the Matlab function velocityd.m where the right

hand side for ode45 is computed and the derivative at infinity is passed as a global variable

derinf.

3.2.1 Code

For Karman-Trefftz there are two functions we need to form:

1. KarmanTrefftz - the forward map;
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2. invKT - the inverse map.

Karman-Trefftz:

1 f unc t i on zeta = KarmanTrefftz ( z , z1 , z2 , zeta1 , zeta2 , d e l t a )
2 %Karman−Tre f f t z from z to zeta plane
3 w = (( z (1 )−z1 ) /( z (1 )−z2 ) ) ˆ de l t a ;
4 ze ta (1 ) = ( zeta1 − zeta2 ∗w) ./(1−w) ;
5 w = (( z (2 )−z1 ) /( z (2 )−z2 ) ) ˆ de l t a ;
6 ze ta (2 ) = ( zeta1 − zeta2 ∗w) ./(1−w) ;
7 f o r j =3: l ength ( z )
8 branch = w;
9 w = (( z ( j )−z1 ) /( z ( j )−z2 ) ) ;

10 w = crootbr (w, branch , d e l t a ) ;
11 ze ta ( j ) = ( zeta1 − zeta2 ∗w)/(1−w) ;
12 end
13 end

Inverse Karman-Trefftz:

1 f unc t i on z = invKT( zeta , z1 , z2 , zeta1 , zeta2 , d e l t a )
2 % Karman−Tre f f t z from z to zeta plane
3 w = (( zeta−zeta1 ) . / ( zeta−zeta2 ) ) . ˆ ( 1/ de l t a ) ;
4 z = ( z1 − z2 .∗w) ./(1−w) ;
5 end

crootbr:

1 f unc t i on zb = crootbr ( z , branch , de l t a )
2 % choos ing cont inuous complex branch o f d e l t a root
3 b1=r e a l ( branch ) ;
4 b2=imag ( branch ) ;
5 z=zˆ de l t a ;
6 q=r e a l ( z ) ;
7 r=imag ( z ) ;
8 i f ( q∗b1+r ∗b2<0)
9 zb=z∗exp(− i ∗2∗ pi ∗ de l t a ) ;

10 e l s e
11 zb=z ;
12 end
13 end
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velocityd:

1 f unc t i on ydot = ve l o c i t yd ( t , y )
2 % ve l o c i t y from complex po t e n t i a l
3 g l oba l d e r i n f
4 z = y (1)+1 i ∗y (2 ) ;
5 U = 1 ;
6 degree s = 10
7 alpha = degree s ∗ pi /180 ;
8 cv e l = U∗exp(−1 i ∗ alpha ) ; % ro ta t e v e l o c i t y at i n f i n i t y
9 cv e l = cve l ∗ d e r i n f ;

10 c i r c = −2∗imag ( cv e l ) ; % c i r c u l a t i o n to make z=1 at s tagnat i on po int ( t r a i l i n g
edge )

11 dwdz = cve l − conj ( cv e l ) . / z . ˆ2 + c i r c ∗1 i . / z ; % stream plus c i r c u l a t i o n
12 ydot = [ r e a l (dwdz) ;− imag (dwdz) ] ;
13 end
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CHAPTER 4

Numerical Analysis

4.1 Discrete Fourier Transform (DFT) and Fast Fourier Transform (FFT)

Recall, the coefficients of the Fourier series for the periodic function f(x) are found

via the form,

ck :=
1

2π

∫ 2π

0

f(x)e−ixkdx.

Approximating these coefficient via the trapezoidal rule we find

ck ≈
1

2π

(
1

2
f(x0) +

n−1∑
j=1

f(xj)e
−ikj 2π

n +
1

2
f(xn)e−ik2π

)
2π

n
=

1

n

n−1∑
j=0

f(xj)e
−ikj 2π

n = ĉk.

It is worth noting, since

w−j(k−n)
n = w−jkn wjnn = w−jkN

we get that ĉk = ĉk−n. Thus the discrete Fourier coefficients are n-periodic, ĉk = ĉk±n.

Moreover, observe if we set

Fn =
[
w−jkn

]
j,k=0,··· ,n−1

=



1 1 1 · · · 1

1 w−1
n w−2

n · · · w−n+1
n

1 w−2
n w−4

n · · · w
−2(n−1)
n

...
...

...
. . .

...

1 w−n+1
n w

−2(n−1)
n · · · w

−(n−1)2

n


, ĉ =


ĉ0

ĉ1

...

ĉn−1

 , f̂ =


f0

f1

...

fn−1

 ,

with fk = f(xk), then we can write ĉ = 1
n
Fnf̂ the matrix form of the discrete Fourier

transform.

Observe, as our series has a finite number of terms we can increase the computational

speed of our algorithm by making use of the fact that we can break our series up into odd

and even terms. So that, for N = n
2
,

ĉk =
1

n

n−1∑
j=0

fjw
−jk
n

15



=
1

n

N−1∑
j=0

f2jw
−2jk
n +

1

n

N−1∑
j=0

f2j+1w
−(2j+1)k
n

=
1

n

N−1∑
j=0

f2jw
−2jk
n +

w−kn
n

N−1∑
j=0

f2j+1w
−2jk
n .

By the n-periodicity of ĉk = ĉk−n, we have the canonical form of the fast Fourier transform,

ĉk =
1

n

N−1∑
j=0

f2jw
−jk
n
2

+
w−kn
n

N−1∑
j=0

f2j+1w
−jk
n
2
.

Now, let ω(n) denote the number of computations for an n-point FFT. Then, after some

manipluation of the matrix form of the above equation, the Gauss doubling formula with

n = 2M yields
ω(n) = 2ω(n/2) + 2n

= 2(2ω(n/4) + 2(n/2)) + 2n

= 4ω(n/4) + 4n

= 4(2ω(n/8) + 2(n/4)) + 4n

= 8ω(n/8) + 6n

...

= nω(1) + 2Mn

= n+ 2n log2 n since ω(1) = 1

= O (n log2 n) .

Hence the operation cost of the FFT is O (n log2 n), which is a significant improvement to

the operation cost O(n2) of the DFT.

4.2 Parameterizing the Boundary

Before we move on we should note, Theodorsen’s method makes two demands of our

data:
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1. that the boundary be “star-like” with respect to an interior point (we will choose the

origin). That is, that our boundary be of the form,

γ(φ) = ρ(φ)eiφ, ρ(φ) > 0, and φ ∈ [0, 2π]

2. that the boundary be sufficiently close to a circle for the method to converge.

For that reason, prior to applying Theodorsen’s Method, we first:

1. smoothed the data by applying Karman-Trefftz (see section 3.3);

2. centered the image of the data and transformed it from Cartesian to polar coordinates.

It is at this point that we can now begin the process of forming the star-like parameterization

of our data by interpolating by interpolating the radius ρ(φ).

0 0.2 0.4 0.6 0.8 1
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1

Figure 4.2.1: Discrete boundary points of a NACA 2415 airfoil and their image under the
Karman-Trefftz map

After translating the points on the smooth curve to center them at the origin, the data for

the spline fit is ρi = ρ(φi), i = 1, . . . , n + 1. Interpolation by a periodic cubic spline with

ρ(φ1) = ρ(φn+1) = ρ1 results in an n × n tridiagonal linear system with nonzero entries in
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the (1, n) and n, 1) positions. This is solved efficiently by a method adapted from [13]. To

do this we:

1. fitted periodic splines through the data;

2. formed ρ(φ) by interpolating the periodic splines.

4.2.1 Code

We will present the code for steps 2-4 here, for Karman-Trefftz see Sec 3.2.1:
Centering the data:

1 f unc t i on [ x1 , y1 , x , y ] = cen t e r i ng (x , y )
2 x1 = mean(x ) ;
3 y1 = mean(y ) ;
4 % Centers data onto the o r i g i n
5 x = x − mean(x ) ;
6 y = y − mean(y ) ;
7 end

Putting the Data in Polar Form:

1 f unc t i on [ theta , rho ] = sendToPolar (x , y )
2 % Takes (x , y ) data and sends i t to po la r coo rd ina t e s
3 % I n i t i a l i z e ar rays
4 rho = [ ] ;
5 theta = [ ] ;
6 % Forms theta
7 theta=atan2 (y , x ) ;
8 % Converts from (−pi , p i ) to (0 , 2∗ pi )
9 theta=mod( theta , 2∗ pi ) ;

10 theta (1 ) =0;
11 theta ( l ength ( theta )+1)=theta (1 )+2∗pi ;
12 % Computes rho
13 rho=sq r t ( x .ˆ2 + y . ˆ 2 ) ;
14 rho ( l ength ( rho )+1)=rho (1 ) ;
15 end
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Forming the Periodic Spline:

1 f unc t i on [ x1 , x2 , x3 , h , t l ] = pe rSp l in e ( theta , rho )
2 % Revised f o r s tar− l i k e parametr i za t i on rho = rho ( theta ) f o r Theodorsen
3 x = rho ( : ) ;
4 i f abs ( x (1 ) − x ( end ) ) > 100∗ eps
5 x ( end+1) = x (1) ;
6 end
7 n1 = length (x ) ;
8 n = n1 − 1 ;
9 dx = d i f f ( x ) ;

10 h = d i f f ( theta ) ;
11 h = h ( : ) ;
12 t l = sum(h) ;
13 h(n1 ) = h (1) ;
14 p = h ( 1 : n) ;
15 q = h ( 2 : n1 ) ;
16 a = q . / ( p + q) ;
17 b = 1 − a ;
18 c = spd iags ( [ [ b (n) ; ones (n−1 ,1) ] [ a ( 2 : n ) ; 0 ] [ 2∗ ones (n , 1 ) ] [ 0 ; b ( 1 : n−1) ] [

ones (n−1 ,1) ; a (1 ) ] ] . . .
19 , [−n+1 −1 0 1 n−1] , n , n) ;
20 d1 = 3∗( a .∗ dx . / p + b . ∗ [ dx ( 2 : n ) ; x (2 ) − x ( n1 ) ] . / q ) ;
21 mmdflag = spparms ( ’autommd ’ ) ;
22 spparms ( ’autommd ’ , 0) ;
23 x1 = c\d1 ;
24 spparms ( ’autommd ’ , mmdflag ) ;
25 x1 ( 2 : n1 ) = x1 ;
26 x1 (1 ) = x1 ( n1 ) ;
27 x2 ( 2 : n1 ) = 2∗( x1 ( 1 : n) + 2∗x1 ( 2 : n1 ) − 3∗dx . / p) . / p ;
28 x2 (1 ) = x2 ( n1 ) ;
29 x2 = x2 ’ ;
30 x3 = d i f f ( x2 ) . / p ;
31 x3 ( n1 ) = x3 (1 ) ;

Interpolating:

1 f unc t i on f v a l = i n t e r p p e r Sp l i n e (x , x1 , x2 , x3 , h , t l , s )
2 % Revised f o r a s i n g l e p e r i o d i c s p l i n e f o r s t a r l i k e parametr i za t i on
3 x = x ( : ) ;
4 s = s ( : ) ;
5 n1 = length (x ) ;
6 nn = n1 − 1 ;
7 n = length ( s ) ;
8 s = s − f l o o r ( s / t l ) ∗ t l ;
9 cumsumh = [ 0 ; cumsum(h ( 1 : nn) ) ] ;

10 ppx = mkpp(cumsumh , [ x3 ( 1 : nn ) /6 ; x2 ( 1 : nn ) /2 ; x1 ( 1 : nn ) ; x ( 1 : nn ) ] ) ;
11 f v a l = ppval (ppx , s ) ;
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4.3 Conjugate Periodic Functions

Given the conjugate periodic functions{
φ(θ) = u(1, θ)

ψ(θ) = v(1, θ)− b0,

the conjugation operator K is defined{
φ(θ) = a0 +

∑
n=1 an cos(nθ) + bn sin(nθ)

−Kφ(θ) := ψ(θ) =
∑

n=1−an sin(nθ) + bn cos(nθ)

So v(1, θ) − b0 = −Kφ(θ) = −F−1K̂Fu(1, θ) and K = F−1K̂F , where F and F−1

are the Fourier and inverse Fourier transforms and

K̂ =


an → −bn
a0 → 0

bn → an.

For h(θ) =
∑∞

n=−∞ cne
inθ, K still factors as K = F−1K̂F . But in this case

K̂ =


cn → −icn n > 0

c0 → 0

cn → icn n < 0,

so that −Kh(θ) = −
∑−1

n=−∞ icne
inθ +

∑∞
n=1 icne

inθ

4.3.1 Code
The Conjugation Operation:

1 f unc t i on a = conjug ( c )
2 % Dis c r e t e con jugat ion us ing complex FFT
3 n = length ( c ) ;
4 n1 = ( length ( c ) ) /2 ;
5 k = 2 : n1 ;
6 a = f f t ( c ) ;
7 a (1 ) = 0 ;
8 a ( n1 + 1) = 0 ;
9 a (k ) = − i ∗a (k ) ;

10 a ( n1 + k) = i ∗a ( n1 + k) ;
11 a = i f f t ( a ) ;
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CHAPTER 5

Theodorsen’s Method

5.1 Theodorsen’s Method

Recall, that we require the boundary Γ be represented by the star-like parameteriza-

tion γ(φ) = ρ(φ)eiφ w.r.t. the origin, φ ∈ [0, 2π], and 0 < ρ(φ). Theodorsen’s method finds

the boundary correspondence φ = φ(θ) for a conformal map w = f(z) from the exterior

of the unit disk to the exterior of Ω by successive conjugation. Using the normalization

f(∞) =∞ and 0 < a1 = f ′(∞) ∈ R.

Now, let’s define h(z), analytic for |z| > 0 to be the auxiliary function,

h(z) := log

(
f(z)

z

)
.

Then

Im{h(eiθ)} − Im{h(∞} = −K Re{h(eiθ)}

and

h(∞) = log f ′(∞) = log a1.

But a1 is real valued(see chapter 3), therefore Im{h(∞)} = 0.

And, since f(eiθ) = ρ (φ(θ)) eiφ(θ) we have that,

h(eiθ) = log

(
ρ (φ(θ)) eiφ(θ)

eiθ

)
= log ρ (φ(θ)) + i (φ(θ)− θ)

Notice, this means h(eiθ) is of the form u(1, θ) + iv(1, θ) where{
u(1, θ) = log ρ (φ(θ))

v(1, θ) = φ(θ)− θ
.
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Now, we apply the conjugation operator K to the real and imaginary parts of h(eiθ).

And, as v(0, θ) = 0 = b0, we get Theodorsen’s equation for the exterior case,

φ(θ)− θ = −K log ρ (φ(θ))

Fixing φ(0) with 0 ≤ φ(0) < 2π for uniqueness, we can solve this equation by application of

Theodorsen’s Iteration

φ(0)(θ)− θ = 0 (initial guess)

φ(n+1)(θ)− θ = −K log ρ
(
φ(n)(θ)

)
We will show that φ(n)(θ) → φ(exact)(θ), n → ∞ under suitable conditins on Γ. First

we need the following estimate.

Lemma 5.1.1. ‖K‖2 = 1.

Proof. Recall K : L2[0, 2π]→ L2[0, 2π]. Let u ∈ L2[0, 2π] and

u(θ) ∼ a0 +
∞∑
n=1

an cosnθ + bn sinnθ,

‖u‖2
2 = |a0|2 +

∞∑
n=1

|an|2 + |bn|2, and

‖Ku‖2
2 =

∞∑
n=1

|an|2 + |bn|2.

Therefore, ‖Ku‖2 ≤ ‖u‖2 and if a0 = 0, then ‖Ku‖2 = ‖u‖2. Therefore ‖K‖2 = 1.

Note, ‖K‖2 is an induced norm for the operator K. Recall that such operator (or

matrix) norms are defined from a given function space (or vector space) norm ‖ · ‖ as

‖K‖ := max‖h‖=1 ‖Kh‖ and the important property for making estimates and bounding

quantities is that ‖Kh‖ ≤ ‖K‖‖h‖.

We now show that the Theordorsen iterations converge if the boundary satisfies the

so-called ε− condition.
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Theorem 5.1.2. Let ε := supφ |
ρ′(φ)
ρ(θ)
|. If ε < 1, then limn→∞ ‖φ(θ)− φ(n)(θ)‖2 = 0.

Proof. From the Theodorsen iteration, we see that

‖φ(θ)− φ(n+1)(θ)‖2 = ‖K[log ρ(φ(θ))− log ρ(φ(n)(θ))]‖2

≤ ‖ log ρ(φ(θ))− log ρ(φ(n)(θ))‖2

= ‖
∫ φ(θ)

φ(n)(θ)

ρ′(θ)

ρ(θ)
dθ‖2

≤ ε‖φ(θ)− φ(n)(θ)‖2.

Therefore, the iterations converge in the 2−norm, if ε < 1.

5.1.1 Code
Exterior Theodorsen’s Method:

1 f unc t i on f = theoext (n , f , itmax , rho , x1 , x2 , x3 , h , t l )
2 % Th e o d o r s e n s method f o r e x t e r i o r r e g i on s
3 % I n i t i a l guess f o r boundary correspondence
4 th = 2∗ pi ∗ [ 0 : n−1]/ n ;
5 phi = th ;
6 ph i l = phi ;
7 di sp ( ’ I t e r a t i o n no . Error between s u c c e s s i v e i t e r a t e s ’ ) ;
8 % Star t o f Theodorsen loop
9 f o r i t = 1 : itmax

10 c = log ( abs ( f ) ) ;
11 % Conjugation
12 c = −conjug ( c ) ;
13 % Compute new boundary corespondence and ca l cua t e e r r o r s
14 phi = r e a l ( c ) + th ;
15 e r r o r=max( abs ( phi−ph i l ) ) ;
16 ph i l=phi ;
17 f p r i n t f ( ’%6.0 f %30.14 e\n ’ , i t , e r r o r ) ;
18 rhoeva l = i n t e r p p e r Sp l i n e ( rho , x1 , x2 , x3 , h , t l , phi ) ;
19 f = rhoeval ’ . ∗ exp (1 i ∗phi ) ;
20 end

5.2 Normalization of Theodorsen’s Method

The normalization for the Theodorsen map ζ = f(z) from the exterior of the disk to

the exterior of the closed curve, γ(φ) = ρ(φ)eiφ, is

f(z) = a1z +
∞∑
j=0

a−j
zj
,

where a1 > 0. That is f has a simple pole f(∞) = ∞ at z = ∞ and f ′(∞) > 0. In order

to apply the Kutta condition, we need to rotate the unit circle so that f(1) maps to the
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image of the trailing edge on the smooth curve f(1) = ζ1 − c = ρ(1), where c is the center

of the smooth curve, since our starlike parametrization of the boundary has ρ(0) = ρ1. We,

therefore, need to find the angle θtr, where

f(eiθtr) = ρ1.

We have tried this using two methods: Solving f(eiθtr) = ρ1 for eiθtr by Newton’s method or

by interpolating the inverse θ = θ(φ) of the boundary correspondence at the Fourier points,

(θi = 2π(i− 1)/N, φi), i = 1, . . . , N, (2π, φN + 2π), computed by the Theordorsen iterations,

with a cubic spline and setting θtr = θ(0), if φ1 < 0, and θtr = θ(2π), if φ1 > 0. Both

methods give similar results. The accuracies are limited by the spline interpolation and the

accuracy of the mapping; see Table 5.1.

Table 5.1: The values of the angle of the image of the trailing edge on the unit circle (angtheo
in the code) computed by Theordorsen’s method using the spline fit or Newton’s method.
Note that the number of correct digits increases by about 1 each time N is double indicating
the roughly O(N−3) accuracy expected by the spline fits. Note also that the angle depends
only on the airfoil and not on the angle of attack.

N spline Newton

32 -0.018200117390517 -0.018182051778078

64 -0.018388548886676 -0.018425772325956

128 -0.018419768716229 -0.018416359631915

256 -0.018416494188328 -0.018416443147069

512 -0.018416413704615 -0.018416419384364
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5.2.1 Code
Normalization of Theodorsen’s Method - Newton’s Method:

1 % Newton ’ s method f o r t r such that f ( t r ) = rho (1 )
2 t r = 1 ; % i n i t i a l guess
3 f o r k=1:10
4 p ( 1 : n − 2) = c ( 3 : n) ;
5 p(n − 1) =c (1 ) ;
6 p(n) = c (2) ;
7 f t r = t r ∗ po lyva l (p , t r ˆ(−1) ) ;
8 f p t r = c (2 ) ∗ t r ;
9 c o e f f =[(n/2−1:−1:1) , 0 , 0 ] . ∗ [ c (n/2+2:n) 0 0 ] ;

10 f p t r = f p t r − po lyva l ( c o e f f , 1/ t r ) ;
11 t r = t r + ( rho (1 ) − f t r ) / f p t r ;
12 abs ( t r ) ;
13 end
14 angtheo = angle ( t r )

Normalization of Theodorsen’s Method - Spline Method:

1 % Spl ine method f o r t r such that f ( t r ) = rho (1 )
2 i f phi (1 ) <= 0
3 angtheo = sp l i n e ( phi ( 1 : n ) , 2∗ pi ∗ ( 0 : ( n − 1) ) /n , 0) ;
4 angtheo = sp l i n e ( [ phi ( 1 : n) phi (1 )+2∗pi ] , 2∗ pi ∗ ( 0 : n ) /n , 0) ;
5 e l s e i f phi (1 )>0
6 angtheo = sp l i n e ( phi ( 1 : n ) , 2∗ pi ∗ ( 0 : ( n − 1) ) /n , 2∗ pi ) − 2∗ pi ;
7 angtheo = sp l i n e ( [ phi ( 1 : n) phi (1 )+2∗pi ] , 2∗ pi ∗ ( 0 : n ) /n , 2∗ pi ) − 2∗ pi ;
8 end

25



CHAPTER 6

Numerical Examples

6.1 Review

In this chapter, we will apply the material and Matlab code covered in the previous

chapters to compute potential flows over a single airfoil. The reader may refer to chapters

2 through 5 for all of the necessary background material in complex analysis, Fourier series,

conformal mapping, and potential flow. Here is a brief outline of the how we will apply the

previous material:

1. In section 6.2, we smooth discrete data representing the boundary of a NACA 2415

airfoil by applying Karman-Trefftz. Next, we center and interpolate a periodic spline through

the image of our data under Karman-Trefftz. Finally, we apply Theodorsen’s Method to map

the exterior of the unit disk to the exterior of our interpolants.

2. In section 6.3, we calculate the circulation about our airfoil.

3. In section 6.4, we solve for the streamlines of a uniform flow, various angles of

attack, about the unit disk. Then we apply the inverse maps to find the flow in the KT and

physical domains.

4. Finally, in section 6.5, we calculate the pressure curve about the airfoil.

6.2 NACA 2415 Airfoil

We compared results from our calculations to data from [12]. Using 128 Fourier

points and a maximum of 100 iterations, we found Theodorsen’s method converged to within

machine epsilon after 25 iterations on our data.
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Figure 6.2.1: The error between successive iterates for the first 28 out of 100 iterations.
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Figure 6.2.2: Theodorsen’s method converged to within machine epsilon in 25 iterations on
our data.
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Figure 6.2.3: ”x“ is the interior point by Karman-Trefftz and ”o“ is the sharp boundary
point.

Figure 6.2.4: ”+“ is the image of the trailing edge.

Figure 6.2.5: Orthogonal grid image of the exterior of the unit disk and the exterior of its
image of the under Theodorsen’s Method.
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Figure 6.2.6: Orthogonal grid image of the exterior of the unit disk and its image under the
composition of Karman-Trefftz and Theodorsen’s to the exterior of the original airfoil.
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6.3 Calculation of Circulations about NACA 2415

Here are some calculations of circulations for various angles of attack α and Fourier

points N , Table 6.1. Again, the roughly O(N−3) accuracy coming from the spline through

the derivative f ′(∞) is seen. The spline approximation is used here for the normalization

f(1) = trailing edge. The results agree well with calculations using Fornbergs method [9] in

place of Theodorsen’s method.

Table 6.1: Circulations − Γ
2π

= 2Im{f ′(∞)Ue−iα} with U = 1.

N f ′(∞) α = 0o α = 5o α = 10o

32 0.281445194681256 - 0.010696660343550i 0.021393320687101 0.070371042613474 0.118813198414362

64 0.281442326882906 - 0.010749508267709i 0.021499016535417 0.070475836366987 0.118916292529331

128 0.281441852891772 - 0.010758680244336i 0.021517360488672 0.070494027893863 0.118934193181323

256 0.281441887400038 - 0.010757722206302i 0.021515444412604 0.070492125124230 0.118932318199351

512 0.281441888476559 - 0.010757695887751i 0.021515391775502 0.070492072875078 0.118932266735797

6.4 Potential Flow about NACA 2415 using Theodorsen’s Method

Using ode45 we numerically solve the system{
dx
dt

= Re{w′(z)}
dy
dt

= − Im{w′(z)}

and plot the resulting streamlines.

The following are graphs of the potential flow, assuming various angles of attack,

about the NACA 2415 airfoil (left), the image of the airfoil under Karman-Trefftz (center),

and the unit circle. In each graph the “◦” in the image on the left marks the point just to the

interior of the leading edge of the airfoil, while the “x” marks the trailing edge. Similarly,

in the center image the point just to the interior of the leading edge is marked with a “◦”

and the trailing edge with “⊗” denoting the tailing edge. Finally, in the image on the right,

“⊗” marks the trailing edge on the unit circle.
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Figure 6.4.7: Assuming a 0◦ angle of attack.

Figure 6.4.8: Assuming a 2◦ angle of attack.

Figure 6.4.9: Assuming a 5◦ angle of attack.
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Figure 6.4.10: Assuming a 10◦ angle of attack.

6.5 Pressure about NACA 2415 using Theodorsen’s Method

Using the results from our previous two sections, we calculate dw
dz

at the boundary

about the circle to find the pressure about the the boundary of the NACA 2415 airfoil.
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NACA 2415 Airfoil Pressure Curve - 0 degs

Figure 6.5.11: Graph of the predicted (·) pressure about the airfoil vs the measured (◦)
pressure about the airfoil given a 0◦ angle of attack.
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Figure 6.5.12: Graph of the predicted (·) pressure about the airfoil vs the pressure data from
[12] (◦) about the airfoil given a 2◦ angle of attack.
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Figure 6.5.13: Graph of the predicted (·) pressure about the airfoil vs the pressure data from
[12] (◦) about the airfoil given a 5◦ angle of attack.
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Figure 6.5.14: Graph of the predicted (·) pressure about the airfoil vs the pressure data from
[12] (◦) about the airfoil given a 10◦ angle of attack.
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CHAPTER 7

Conclusions and Future Work

A Matlab code has been developed using Theodorsen’s method to compute potential

flow over single airfoils. The normalization of the Theodorsen map was adjusted so that the

Kutta condition could be applied at the trailing edge of the airfoil. The code was tested

for a NACA 2415 airfoil and the results compared well with calculation using a standard

engineering code [12].

In future work, Theodorsen’s method will be compared to other numerical conformal

mapping methods for simply connected domains, such as the methods of Fornberg, Weg-

mann, Timman/James, and Prosnak, discussed in [6, 9, 11]. Other quantities of engineering

interest, such as lift coefficients and moments, will be computed and additional airfoils will

be tested; see [1]. This work will provide background for ongoing work on multi-element

airfoil configurations [7, 8].
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