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1. Let the eigenvalues of an n x n real symmetric matric A be ordered from the largest to the
smallest. Prove that for any 1<% <n,

Ap =max min r(x,A),
Sk 0#xeSk

where S* is any # dimensional subspace of R", and r(x,A) is the Rayleigh quotient xj;‘;x

Reread Wiki’s Proof of Min-max Theorem



(a) Prove that the growth factor p = HXHM is unbounded for LU factorization without pivot-

ing.

Let

Since

(? 2)2(i (1))(3 d—b@)

a a

aeft U 3

€

we have that

Hence, defining [|M |4, = max; j|m; ;|, then as p = HX“’"‘” we get that

lmax

But, € is arbitrarily small, and so as ¢ — co we find p — oo and is therefor unbounded.

(b) Prove that the growth factor is bounded by 2™ ~! for LU factorization of A € R™*™ with row
pivoting.

We have
Lm_l'”LleA =U = A=LU
—_—————
L1

For all A € R™*™ the max(w) is unbounded without pivoting where |(Lg);,| < 1. This implies

LAl
that
AL < 21Ar-1lmax = 1Am-1llmax = 2" All -

Therefore, the growth factor p = W <om-1,
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3. A is a diagonalizable matrix with one eigenvalue being —1, and others residing in the unit
disk centered at 2 in the complex plane. Prove that the solution to Ax = b through GMRES
algorithm has error

lenll <K27"

for some constant K.

Theorem 35.2 states,

at step n of the GMRES iteration, the residual r, satisfies,

Irnll . . .
< inf Al =x(V f < f ).
1Bl p,lLI€1Pn”pn( M = x( )p,lbrelp,,"p””"(““ K(v)plgwn/l?f}i)'p( )]

where A(A) is the set of eigenvalues of A, V is a nonsingular matrix of eigenvectors, and
I pnllAca) is defined by lIpllg = sup,egs |p(2)I.

We can choose a polynomial
-1
p@)=(1+2)q(z) = (1+z)(1 - 2)"
so that
1 n—1
MDl=s|1-=
lrgfélq( )l ( 2)

or equivalently
max |g(A)| <21
A-2|<1

Thus we have

72l = x(W)IbIl max [p(M)]=x(V)Ib]l max [A+1llg(M)]=x(V)[b]l max |1+ 1]lg(A)]
AeA(A) A-2l<1 IA-2l<1

<k(M)IIB1I13 + 1121 = x(V)||B]I123 7"

Finally,
lenll =A™ 7, ] < |8 x(WlIBI]| A |27,

and as |8 k(V)[[b]|A~||| is constant we have our proof.
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(a) State and prove the Bauer-Fike Theorem.

The Bauer-Fike Theorem states:
if A=XDX™!, then dist(1(A +B), A(A)) <x(X)|BI.

To prove, let’s assume (A+B)x =Ax. Let x =Xy and C = X’lBX, then we find
(A+B)x=Ax

=(XDX1+B)x=Ax
=(XDX'+B)Xy=AXy
=X 1XDX '+B)Xy=My
=(DX1+X'B)Xy= A1y
=(D+X'BX)y=Ay
=D+C)y=Ay

= Cy=Ay-Dy=(AI-D)y

Hence we have that,
dist(A, AA) Iyl = 1AL = D)yl = lICyll < ICIlyl
yielding
dist(1, A(A) < CI.
And as C = X 'BX we get that
ICI = HX_IH IBINIX | = x(X)IBII.

Hence,

dist (A, A(A) lyll = x(XOIBI
and our proof. ®

(b) Show that the eigenvalue problem for Hermitian matrices is well-conditioned.

On pg 1997?77

(c) Give an example that this is not true for the non-Hermitian matricies.

o 3
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5. Let

1 1 1 1 11 1

1 -1 1 -1 0 2 2
P= 1 1 -1 -1p A=P 0o of b= 1

1 -1 -1 1 0 0 2

Determine the least square solution to the over-determined linear system Ax =b.

First lets find A,
1 1 1 1 1 1 1 3
Aol 11 -1ffo 2 f1 -1
11t 1 -1 -1f{o ol |1 3
1 -1 -1 1J\0 0 1 -1

Now, we need to find the solution to the normal equation, A*Ax = A*b. Since A is full rank, the solution
to the least squares problem is x = (A*A)_IA*b.

Let’s solve this in parts:

First,
1 3\';1 3
RN E RN I S | B
AA=11 g |1 3 ‘(4 20)
1 -1/ \1 -1
so,
_ 1 1(20 -4
A*A) = d'A*A:—( )
(474) a2l )=eiloa 4
Next,
1 3\'n
o ro-1] 2| (e
Ab=1; 3 1‘(2)
1 -1 \2

Hence we have that,
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6. Prove that the convergence of Rayleigh quotient iteration for a hermitian matrix is ultimately
cubic.

Recall, normal matrix A € R™*™ is orthogonally diagonalizable and the Rayleigh quotient of a vector
x € R™ is the scalar
xT Ax

r(x,A)=r(x)= o

Observe, r(x,A) = A, 1 an eigenvalue of A, if x is an eigenvector of A.

Let q; be orthonormal eigenvectors of A with distinct eigenvalues. Then any vector x, can be written as
Xp = Zle a;q;, the linear combination of ¢q;. As Aq; = A;q; we get that,

2 2 k 2
B a1)L1+--~+ak)Lk _ Zi:lai i
r(x,) = )

2 - k 2
apt-tay i

Assuming x, converges to q1, then a; =1 and, for i # 1, a; = O(0) where 6 is small; and, we get that,

afM+-+aily @il +06%)

r(xn) = = =11+ 0(6).
YT a e tal a2+002)
Applying the Rayleigh quotient iteration we get,
a; 0(@)

k
= A— I -1 = ;= 21 —_—
Xnt1=(A-r@x)) " x, L‘:Zi/li_r(xn)ql e Tt PSR T

which is parallel to
0(6?)
Ry LY

aiqir+---+

And after nomalization, [[x,+1 —%» | — llxn+1 — g1l = O(63), hence we have cubic convergence.
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7. Suppose A is a real symmetric matrix with eigenvalues more or less uniformly distributed over
[2,18] together with an outlier at 1 = 50. How many steps of the conjugate gradient iteration
must be taken to be sure of reducing the initial error |egl|4 by a factor of 22°?

By theorem 38.5, if all the eigenvalues are in [2,18], then the A-norms of the error satisfy,

lenlla _, \/?—1)”.
leolla VE+1
Herexz%zQandso,
lenlla _o(VK=1)"_,[vO-1 n_2(1)"_(1)"_1
leolla ~ \vx+1 Vo+1 2 2 '

Including A = 50 we get that H‘;g”i <(2)217". And finally, setting 2720 = 227" we find n = 22
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8. Derive the asymptotic operation count of Gaussian elimination applied on an m xm real matrix
A.

Per Trefethen(pg 151), as the work of the algorithm is dominated by the inner most loop, u; p.m = U :m —
L rup p:m, it is sufficient to consider just this part. Observe, for the k-iteration of our algorithm, we are
only acting on m — k& + 1 elements (the "plus one" is an artifact of counting) twice. Hence we will need to
take a double sum, representing each loop, of 2(m — k& +1). As our outer loop is for 2 =1 to m —1 and our
inner loop is for j =k + 1 to m we have that the number of flops is

m-— m

Z Z 2(m -k +1).

J=k+

Reindexing our inner summation with j =1 we find

m—1m— m—-1m-k m-1 -1 2 1 2 3
Y Z Am-k+1)~ Y Y 2Am- k)—ZZ(m E)m — k)~22k2_2(m m@mt D 2m s,
k=1 j=1 k=1 j=1 k= k=1 6 3
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9. Given

, e=107?

[ R e R N
o O
o O O R

(a) Find A*A and the 2-norm x(A).

As eisreal,
1 ¢ 0 O
A*=AT:(1 0 ¢ o)

1 00

and we get that

1eooié(1) 1+e2 1 1
A*A:10€00€0: 1 1+¢2 1
1 0 0 ¢ 1 1 142

0 0 ¢

which can be decomposed as the sum of two matrix,

1+e2 1 1 1 1 1) (¢¢ 0 0
1 1+¢2 1 [=|1 1 1|+[0 € of.
1 1 1+€¢?) \1 1 1) \o o ¢
Hence, to find the eigenvalues of A* A it is sufficient to add ¢ to the eigenvalues of
111
M=|1 1 1}{.
111

Solving |A — AI| = 0 we find the eigenvalues of M are {3,0,0}; and, thus the eigenvalues of A*A are
{3+€2,6e2,€2). Therefore, k(A) =/ 3:262 =1+v310°.

(b) MATLAB returns rank(A) = 3, but rank(A*A) = 1. Explain.

The reason why is because ¢? is on the order of machine error, so the computer reports it as 0. As a

result, the matrix M + €21 is recorded as M which is a matrix of rank 1.
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10. Derive the asymptotic operation count for the following algorithms applied on a full-rank
m xn(n <m) matrix A.

(a) Reduced QR factorization by modified Gram-Schmidt orthogonalization.

Per Trefethen(pg 59), as the work of the algorithm is dominated by the inner most loop,
*
Tij=q vj
Vj=V;—Ti;jqi,
it is sufficient to consider just this part. Observe, the first line is an inner product which requires m
multiplications and m — 1 additions. The second line, v; =v; —r; ;q;, requires m multiplications and
m subtractions. Hence the total flops for a single iteration of the inner most loop is ~ 4m. We will

now need to take a double sum, representing each loop, of 4m. As our outer loop is for i =1 to n and
our inner loop is for j =i+ 1 to n we have that the number of flops is

i i 4m=i(n—i—1)4m=4m

n
i=1j=i+1 i=1 i=1 =1 i=1

nooa +1 2 3
n—Zi—Zl)=4m(n2—%—n)=4m(%—§) 2mn? flops.
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(b) Reduced QR factorization by Householder triangularization(without forming Q).

Per Trefethen(pg 74), as the work of the algorithm is dominated by the inner most loop, Az.s 2:n =
Apmkn — 208 (V) Apum k:n), it is sufficient to consider just this part. Observe, per iteration we have

* (m—Fk)(n—k) flops for the scalar product

* 2(m —k)(n — k) flops for the dot product

* (m—Fk)(n—k) flops for the subtraction,

hence the total flops for a single iteration of the inner most loop is 4(m — k)(n — k). We now need only

take a single sum, representing the outer most loop. As our outer loop is from %2 =1 to n we have that
the number of flops is

i A — B — ) = 4 i — i hm+m)+ i kz) :4(mn2— n(n+1)(m+n) N n(n+1)2n+1)
k=1 k=1 k=1 k=1 2 6

2n(n+1)2n +1 2n° +2 2n’
2+ DAY gun? - 2mn - 222 gmn? ~ 2 flops,

=4mn® - 2n(n+1)(m +n) +
mn n(n+1)(m+n) 3 3
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