What day is it even?



Try as a Class

Collecting Like Terms

Solve sin x + \/5 = —SIn X.



Solution

Solution

Begin by rewriting the equation so that sin x is isolated on one side of the equation.

sinx + \/— = —sin x Write original equation.
sinx + sinx + \/5 =0 Add sin x to each side.
sinx +sinx = — ﬁ Subtract /2 from each side.
2sinx = — \/5 Combine like terms.
. V2
SiInx = — T Divide each side by 2.

Because sin x has a period of 2, first find all solutions in the interval [0, 277). These
solutions are x = 57/4 and x = 77/4. Finally, add multiples of 27 to each of these
solutions to get the general form

S5 7T
X = 7 + 2n1r and X = T + 2n1r General solution

where 7 is an integer.



Try as a Class

Extracting Square Roots

Solve 3tan’x — 1 = 0.



Solution

Solution

Begin by rewriting the equation so that tan x is isolated on one side of the equation.

Jtan’x — 1 =0 Write original equation.
3tan?x = 1 Add 1 to each side.
|
tan?x = — Divide each side by 3.
3
1 V3
tanx = * \/§ =+ 3 Extract square roots.

Because tan x has a period of 7, first find all solutions in the interval [0, 7). These
solutions are x = 7r/6 and x = 57/6. Finally, add multiples of 7 to each of these
solutions to get the general form

T S .
X =—++ nm and X =—++nmw General solution

6 6

where n 1s an integer.



Try as a Class

Factoring

Solve cot x cos® x = 2 cot x.



Solution(Pt. 1)

Solution

Begin by rewriting the equation so that all terms are collected on one side of the
equation.

cot x cos?x = 2 cot x Write original equation.
7 — ~ ~ .
cotxcos“x — 2cotx =0 Subtract 2 cot x from each side.
cot X(COSZX - 2) =0 Factor.

By setting each of these factors equal to zero, you obtain

cotx =0 and cos2x —2=0
T ) 5
X =— cos?x =
2

cCosSx = iﬂ.

The equation cot x = 0 has the solution x = 77/2 [in the interval (0, 77)]. No solution is
obtained for cos x = ++/2 because + +/2 are outside the range of the cosine function.
Because cot x has a period of 7, the general form of the solution is obtained by adding
multiples of 7 to x = /2, to get

o
X = 5 + nr General solution

where n is an integer. You can confirm this graphically by sketching the graph of
y = cot x cos? x — 2 cotx, as shown in Figure 2.8. From the graph you can see that the
x-intercepts occur at —3w/2, —m/2, w/2, 3mw/2, and so on. These x-intercepts
correspond to the solutions of cot x cos®> x — 2 cot x = 0.



Solution(Pt. 2)

I I

: L : /

! % - X
- T

// AT |

-2 1+

3 é \

2
y=cotxcos“x—2cotx

FIGURE 2.8



Try as a Class

Factoring an Equation of Quadratic Type

Find all solutions of 2 sin?x — sinx — 1 = 0 in the interval [0, 27).



Solution

Begin by treating the equation as a quadratic in sin x and
factoring.

2sinx —sinx — 1 =0 Write original equation.
(2sinx + 1)(sinx — 1) =0 Factor.

Setting each factor equal to zero, you obtain the
following solutions in the interval [0, 277).

2sinx+ 1 =0 and sinx—1=0
. 1 :
Sinx = — — sinx = 1
2
T 1l



Example

Rewriting with a Single Trigonometric Function

Solve 2 sin?x + 3cosx — 3 = 0.

Solution

This equation contains both sine and cosine functions. You can rewrite the equation so
that it has only cosine functions by using the identity sin> x = 1 — cos? x.

2sin’x +3cosx —3=0 Write original equation.
2(1 - COS?‘X) +3cosx—3=0 Pythagorean identity
2cos?x —3cosx+1=0 Multiply each side by — 1.
(2cosx — I)(cosx — 1) =0 Factor.

Set each factor equal to zero to find the solutions in the interval [0, 2).

S L 1
2cosx —1=0 > cosx—2 > x—3,3
cosx —1 =0 :/ cosx=1 [ > x=0

Because cos x has a period of 27, the general form of the solution is obtained by adding
multiples of 27 to get

aa aa
X =2nm x= g + 2nm, x = ? + 2nar General solution

where n is an integer.



Try as a Class

Squaring and Converting to Quadratic Type

Find all solutions of cos x + 1 = sin x in the interval [0, 277).



Solution

It is not clear how to rewrite this equation in terms of a single trigonometric function.
Notice what happens when you square each side of the equation.

Solution

cosx + 1 =sinx Write original equation.
cos?x + 2cosx + 1 = sin®x Square each side.
cos?x+2cosx+ 1 =1—cos?x Pythagorean identity
cos?x + cos’x+ 2cosx+1—-1=0 Rewrite equation.
2 cos?2x + 2cosx =0 Combine like terms.
2cosx(cosx + 1) =0 Factor.
Setting each factor equal to zero produces
2cosx =0 and cosx + 1 =0
cosx =0 cosx = —1
o 3 o
X = 5, 7 X = .

Because you squared the original equation, check for extraneous solutions.

Check x = 72

T ?2 .
cos + 1 = sin Py Substitute 7/2 for x.
0+1=1 Solution checks. v
Check x = 37/2
37 ?7 . 3w
cos 5 + 1 = sin Py Substitute 377/2 for x.
0+1+#—1 Solution does not check.
Check x = =
9
cos 7+ 1 =sin7 Substitute 7 for x.
-1+1=0 Solution checks. v

Of the three possible solutions, x = 37/2 is extraneous. So, in the interval [(), 21), the
only two solutions are x = 7/2 and x = .



Example

Functions of Multiple Angles

Solve 2cos 3t — 1 = 0.

Solution
2cos3tr—1=0 Write original equation.
2cos 3t =1 Add 1 to each side.
1
cos 3t = — Divide each side by 2.

In the interval [0, 277), you know that 3t = 77/3 and 3¢ = 57/3 are the only solutions,
s0, in general, you have
5
3t = E + 2nr and 3t = 27 + 2n1r.
3 3
Dividing these results by 3, you obtain the general solution
T  2nr 5@ 2nw
t=—+ — and t=—+ — General solution

9 3 9 3

where n is an integer.



Try as a Class

Functions of Multiple Angles

Solve 3 tan% +3=0.



Solution

Solution
X
3 tan 5 +3=0 Write original equation.
X
3 tan 5 = -3 Subtract 3 from each side.
X
tan 5 = —1 Divide each side by 3.

In the interval [0, 77), you know that x/2 = 37/4 is the only solution, so, in general,
you have
x 37

= — + nm.
2 4

Multiplying this result by 2, you obtain the general solution

3 _
X = 7 + 2nmr General solution

where 7 is an integer.



Try as a Class

Using Inverse Functions

Solve sec? x — 2 tan x = 4.



Solution

Solution
sec’x — 2tanx = 4 Write original equation.
] + tan’x — 2tanx — 4 =0 Pythagorean identity
tan’x — 2tanx — 3 = 0 Combine like terms.
(tanx — 3)(tanx + 1) =0 Factor.

Setting each factor equal to zero, you obtain two solutions in the interval (— /2, m/2).
[Recall that the range of the inverse tangent function is (— /2, 7/2).]

tanx — 3 =0 and tanx + 1 =0
tanx = 3 tanx = — 1
T
X = arctan 3 x=—z

Finally, because tan x has a period of 7, you obtain the general solution by adding
multiples of 7

ar
x = arctan 3 + n and X = — Z + nar General solution

where 7 1s an integer. You can use a calculator to approximate the value of arctan 3.



CLASSROOM DISCUSSION

Equations with No Solutions One of the following equations has solutions and
the other two do not. Which two equations do not have solutions?

a. sinx — 5sinx +6 =0

b. sin?x — 4sinx + 6 =0

c. sinx — 5sinx —6 =0

Find conditions involving the constants b and ¢ that will guarantee that the equation
sinx + bsinx +c =0

has at least one solution on some interval of length 2.
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Sum and Difference Formulas
sin(u + v) = sinu cos v + cos u sin v

sin(fu — v) = sinu cos v — cos u sin v
cos(u + v) = cosucosv — sin u sin v

cos(u — v) = cosucosv + sin u sin v

tan u + tanvy tanu — tanv

tan(u + v) = tan(u — v) =
|l —tanutanvy | + tan u tan v




Try as a Class

Evaluating a Trigonometric Function

. T
Find the exact value of sin E



Solution

Solution

. aT
To find the exact value of sin E’ use the fact that

Consequently, the formula for sin(u — v) yields

. L [T o
SIn —_— = SIn{ — —

12 3 4
T T . T
—sm3cos4 cos3sm4
£<£>_1(£>
2 \2 2\ 2
_J6- 2
o

Try checking this result on your calculator. You will find that sin % ~ (.259.



Example

Evaluating a Trigonometric Function

Find the exact value of cos 75°.

Solution
Using the fact that 75° = 30° + 45° together with the formula for cos(u + v), you

obtain
cos 75° = cos(30° + 45°)
= cos 30° cos 45° — sin 30° sin 45°

D) -44)- 54




Try as a Class

Evaluating a Trigonometric Expression

Find the exact value of sin(u# + v) given

. 4 T 12 T
Sinu = g where 0 < u < 5 and cosv = _1_2’ where 5 <y < T.



Solution

Solution

Because sin u = 4/5 and u is in Quadrant I, cos u = 3/5, as shown in Figure 2.10.
Because cos v = —12/13 and v is in Quadrant II, sin v = 5/13, as shown in Figure
2.11. You can find sin(u + v) as follows.

sin(u + v) = sinu cos v + cos u sin v

-(5-5)+ G

__§+£
65 65
33

65



Solution(Pt. 2)

. V132-122=5
4 \
g 13
= X V
\
52 _42=73 .

FIGURE 2.10 FIGURE 2.11




Try as a Class

An Application of a Sum Formula

Write cos(arctan 1 + arccos x) as an algebraic expression.



Solution

Solution

This expression fits the formula for cos(u + v). Angles u = arctan 1 and v = arccos x
are shown in Figure 2.12. So

cos(u + v) = cos(arctan 1) cos(arccos x) — sin(arctan 1) sin(arccos x)




Solution(Pt. 2)

FFFFFF 2.12



Try as a Class

Proving a Cofunction Identity

: : : m :
Prove the cofunction identity cos(; — x) = sIn X.



Solution

Solution

Using the formula for cos(u — v), you have

(77 ) T +a T
cos| — — x COS — COS X + sin — sin x
2 2 2

(0)(cos x) + (1)(sin x)

SIn X.



Try as a Class

Deriving Reduction Formulas
Simplify each expression.

3
a. cos(G — g) b. tan(6 + 3)



Solution

Solution

a. Using the formula for cos(u — v), you have
3 3 : . 3w
cos(B — —> = cos 6 cos EX + sin 6 sin EX

= (cos 6)(0) + (sin B)(—1)
= —sin 6.
b. Using the formula for tan(# + v), you have

tan @ + tan 37
| — tan O tan 37

tan(0 + 37) =

tan 6 + 0
1 — (tan 6)(0)

= tan 6.



Try as a Class

Solving a Trigonometric Equation

Find all solutions of sin(x + Z{) + sin(x - g) = —1 in the interval [0, 27).



Solution

Using sum and difference formulas, rewrite the equation as

. T . T . a . aT
SINXCOS— + cosxsin— + SInxcos— —cosxsin— = —1
4 4 4 4
. T
23mxcosz= —1

2(sin x)(?) = —1

sinx = —

sinx = —



Try as a Class

An Application from Calculus

sin(x + h) — sinx sin / 1 — cos/
Verify that sin(x ;) S (cos x)( 51In 1) — (sin x)( ILOS 2) where h # 0.
2 ) )




Solution

Solution

Using the formula for sin(u# + v), you have

sin(x + h) —sinx sinxcosh + cosxsinh — sin x
h h

cos x sin h — sin x(1 — cos h)
h

(cos x)(8i2h> — (sin x)(l _;"Sh).




Sec. 2.4



Double-Angle Formulas

sin 2u = 2 SIin u COS u

cos 2u = cos?u — sin® u

=2cos?u — 1
~ 2tanu _
tan 2u = T~ anla =1—2sinu




Example

Solving a Multiple-Angle Equation

Solve 2 cos x + sin 2x = 0.

Solution

Begin by rewriting the equation so that it involves functions of x (rather than 2x). Then
factor and solve.

2cosx +sin2x = 0 Write original equation.
2cosx + 2sinxcosx = 0 Double-angle formula
2cosx(1 + sinx) =0 Factor.
2cosx =0 and 1 +sinx =0 Set factors equal to zero.
o 3 37 S,
X = 5, 7 X = 7 Solutions in [0, 277)

So, the general solution is

3
x=g+2n7'r and x=77T+2n7r

where n is an integer. Try verifying these solutions graphically.



Try as a Class

Using Double-Angle Formulas to Analyze Graphs

Use a double-angle formula to rewrite the equation
y = 4cos’x — 2.

Then sketch the graph of the equation over the interval [0, 277].



Solution(1)

Solution

Using the double-angle formula for cos 2u, you can rewrite the original equation as

y = 4 cos’x — 2 Write original equation.
= 2(2 cosz x — l) Factor.
= 2 cos 2x. Use double-angle formula.

Using the techniques discussed in Section 1.5, you can recognize that the graph of this
function has an amplitude of 2 and a period of 7. The key points in the interval [0, 7]
are as follows.

Maximum Intercept Minimum Intercept Maximum

o () G PR e

Two cycles of the graph are shown in Figure 2.14.



Solution(2)

y=4cos?x—2

FIGURE 2.14



Try as a Class

Evaluating Functions Involving Double Angles

Use the following to find sin 26, cos 26, and tan 26.

5 -
cos 6= . 777<9<2w



Solution(1)

Solution

From Figure 2.15, you can see that sin § = y/r = —12/13. Consequently, using each
of the double-angle formulas, you can write

o= 2enaona =2 )3) - 12
sin = 2 sin sh=2—-—"|—)| = ——
0 13/\13 169

> 25 119
cos 20 = 2 cos” 6 — 1 2(—>—|=—_
169 169

sin20 120
cos20 119

tan 20 =



Solution(2)

13

“T (5,-12)

FIGURE 2.15



Deriving a Triple-Angle Formula

sin 3x = sin(2x + x)

= SIn 2x cos x + cos 2x sin x

= 2sinxcosxcosx + (1 — 2sin%x) sinx
= 2sinxcos?x + sinx — 2sin® x

= 2 sin x(1 — sin?x) + sinx — 2 sin’ x
=2sinx — 2sin®x + sinx — 2sin® x

= 3sinx — 4sin’x



Half-Angle Formulas

u \/l—cosu
sin — = =+

2 2

u | + cosu
Cos — = =+

2 2

u Il —cosu sin u
tan—: - s
Sin u I + cos u

u

The signs of sin > and cos % depend on the quadrant in which % lies.




Try as a Class

Using a Half-Angle Formula

Find the exact value of sin 105°.



Solution

Solution

Begin by noting that 105° is half of 210°. Then, using the half-angle formula for
sin(u/2) and the fact that 105° lies in Quadrant II, you have

, 1 — cos 210°
sin 105° =

1 — (—cos 30°)

=
\/1+ f/z

2+J§

The positive square root is chosen because sin 6 is positive in Quadrant II.



Try as a Class

Solving a Trigonometric Equation

Find all solutions of 2 — sin? x = 2 cos? 5 in the interval [0, 27).



Solution

) 7x . .o .
2 —sin“x = 2cos” Write original equation.
’ 2 |
2
= | + cosx _ _
2 —sin“x = 2|+ T Half-angle formula
) | + cosx
2 —sin’x = 2(— Simplify.
2
2 —sin’x =1+ cosx Simplify.
2 — (1 —cos?x) =1+ cosx Pythagorean identity
cos?x — cosx = 0 Simplify.
cosx(cosx — 1) =0 Factor.

By setting the factors cos x and cos x — 1 equal to zero, you find
that the solutions in the interval [0, 277) are

37

_ 7 — and = ()
X 7 X 7 an X = U.



Product-to-Sum Formulas

|
sinu siny = 5[cos(u —v) — cos(u + v)]

|
COS U COS V = 5[cos(u —v) + cos(u + v)]

|
sin u cos v = E[Sin(u + v) + sin(u — v)]

|
cos u siny = E[Sin(u + v) — sin(u — v)]




Try as a Class

Writing Products as Sums

Rewrite the product cos Sx sin 4x as a sum or difference.



Solution

Solution

Using the appropriate product-to-sum formula, you obtain
cos 5x sin 4x = 5[sin(5x + 4x) — sin(5x — 4x)]

1 . 1 .
= 5 8In 9x — 5 sIn x.



eul*57)
sl

u-—+v u—v
cosu+cosv=2cos< 5 )cos( 5 )

CcOS CcOS 2 s'n(u - v) s'n(u — v)
U — y = —25s1 1
2 2

sinu +siny = 2 sin(

sinu — sSiny = 2cos<




Try as a Class

Using a Sum-to-Product Formula

Find the exact value of cos 195° + cos 105°.



Solution

Solution

Using the appropriate sum-to-product formula, you obtain

195° — 105°)
2

195° 4+ 105°
cos 195° + cos 105° = 2 cos( > )cos(

= 2 cos 150° cos 45°
-2~ 5)(%)

a 2 )\ 2




Example

Solving a Trigonometric Equation

Solve sin 5x + sin 3x = 0.

sinSx + sin3x = 0 Write original equation.
~[5x + 3x 5x — 3x _
2sinfl——|cos|———| =0 Sum-to-product formula
2 2
2sindxcosx = 0 Simplify.

By setting the factor 2 sin 4x equal to zero, you can find that the
solutions in the interval [0, 27) are

3 S5 37 T
4" 2 g

ar
- O, —’
o P

49
The equation cos x = 0 yields no additional solutions, so you can
conclude that the solutions are of the form

X =
4

where n is an integer.



Try as a Class

Verifying a Trigonometric Identity

. . ~SIn 3x — SsIin x
Verity the identity = tan x.
COS X + COS 3x




Solution

Solution
Using appropriate sum-to-product formulas, you have

" ‘(3)( + x) § (3x — x)
sin 3x — sin x COS\T )3 T

cos x + cos 3x (x + 3x> (x - 3x>
2 cos > COS >

~ 2cos(2x) sin x
2 cos(2x) cos(—x)

sin x
cos(—x)

Sin x
= = tan Xx.
COS X




Try as a Class

Projectile Motion

Ignoring air resistance, the range of a projectile fired at an angle 6 with the horizontal
and with an initial velocity of v, feet per second is given by

1 :
r= Ev(,z sin 6 cos 6

where r is the horizontal distance (in feet) that the projectile will travel. A place kicker
for a football team can kick a football from ground level with an initial velocity of
80 feet per second (see Figure 2.18).

a. Write the projectile motion model in a simpler form.

b. At what angle must the player kick the football so that the football travels 200 feet?

¢. For what angle is the horizontal distance the football travels a maximum?



Solution

Solution

a. You can use a double-angle formula to rewrite the projectile motion model as

1
r = 3 A Vo (2 sin 6 cos 9) Rewrite original projectile motion model.
32v0- sin 26. Rewrite model using a double-angle formula.
1 o .
b. r = 3 V() sin 26 Write projectile motion model.
1 5 . , : :
200 = _(8())" sin 260 Substitute 200 for r and 80 for v,
32 0
200 = 200 sin 26 Simplify.
1 = sin 26 Divide each side by 200.

You know that 26 = 7r/2, so dividing this result by 2 produces 6 = /4. Because
/4 = 45°, you can conclude that the player must kick the football at an angle of
45° so that the football will travel 200 feet.

¢. From the model r = 200 sin 26 you can see that the amplitude is 200. So the
maximum range is » = 200 feet. From part (b), you know that this corresponds to an
angle of 45°. Therefore, kicking the football at an angle of 45° will produce a
maximum horizontal distance of 200 feet.



Sec 3.1



Law of Sines
If ABC is a triangle with sides a, b, and ¢, then

a b c

sinA sinB sinC’

A is acute. A is obtuse.

The Law of Sines can also be written in the reciprocal form

sin A sinB sinC

a b c



Try as a Class

For the triangle in Figure 3.2, C = 102°, B = 29°, and b = 28 feet. Find the remaining
angle and sides.

A C B
FIGURE 3.2



Solution

Solution
The third angle of the triangle is

A=180°—B - C
= 180° — 29° — 102°
= 49°,
By the Law of Sines, you have

a b c

sinA sinB sinC’

Using b = 28 produces

b _ 28 . R .
a=——(sinA) = — ~(sin 49°) =~ 43.59 feet
sin B sin 29
and
b . 28 . 5 .
¢c=——sinC) = (sin 102°) = 56.49 feet.

sin B sin 29°



Try as a Class

A pole tilts toward the sun at an 8° angle from the vertical, and it casts a 22-foot shadow.
The angle of elevation from the tip of the shadow to the top of the pole is 43°. How tall
is the pole?



Solution

Solution
From Figure 3.3, note that A = 43° and B = 90° + 8° = 98°. So, the third angle is

C=180°—A —B
= 180° — 43° — 98°
= 39°
By the Law of Sines, you have

a C

sinA sin C

Because ¢ = 22 feet, the length of the pole is

c 22

: sinA) = ——
sin C( ) sin 39°

a = (sin 43°) = 23.84 feet.



Consider a triangle in which you are given a, b, and A. (h = bsin A)

A 1s acute. A 1s acute. A 1s acute. A 1s acute. A 1s obtuse.
Sketch
b a
( b
/\

A A Y
Necessary h<a<bdb a<b
condition
Triangles None One One Two None

possible

A 1s obtuse.

One




Try as a Class

For the triangle in Figure 3.4, @ = 22 inches, b = 12 inches, and A = 42°. Find the
remaining side and angles.

b=12In. a= 22 1n.

One solution: a = b
FIGURE 3.4



Solution

Solution
By the Law of Sines, you have

sinB  sinA

Reciprocal form

b a

) sin A
sinB =b Multiply each side by b.

a

. sin 42°

sinB = 12 Substitute for A, a, and b.
22
B =2141°. B 1s acute.

Now, you can determine that
C = 180° — 42° — 21.41° = 116.59°.
Then, the remaining side is

c _ a
sinC sinA

a . 22
¢c=——(sinC) =

sin A sin 42°

(sin 116.59°) = 29.40 inches.



Try as a Class

Show that there is no triangle for whicha = 15, b = 25, and A = 85°.



S
Il

25

A

No solution: a < h
FIGURE 3.5



Solution

Solution

Begin by making the sketch shown in Figure 3.5. From this figure it appears that no
triangle is formed. You can verify this using the Law of Sines.

sinB  sinA

= Reciprocal form
b a !
) sin A
sin B = b( ) Multiply each side by b.
a
, sin 85°
sin B = 25 s ~ 1.660 > 1

This contradicts the fact that |sin B| < 1. So, no triangle can be formed having sides
a = 15 and b = 25 and an angle of A = 85°.



Try as a Class

Find two triangles for which @ = 12 meters, b = 31 meters, and A = 20.5°.



Solution

Solution
By the Law of Sines, you have
sinB sinA . _
- Reciprocal form
b a
. sin A sin 20.5°
sinB =b = 31 1—,) =~ (0.9047.
a 2

There are two angles, B, = 64.8° and B, = 180° — 64.8° = 115.2°, between 0° and
180° whose sine is 0.9047. For B, = 64.8°, you obtain

C = 180° — 20.5° — 64.8° = 94.7°

a . 12 .
¢ =——(sin C) = ————(sin 94.7°) = 34.15 meters.
sin A sin 20.5

For B, = 115.2°, you obtain
C = 180° — 20.5° — 115.2° = 44.3°

12
(sin 44.3°) = 23.93 meters.

sinC) = ——
( ) sin 20.5°

c = —
sin A

The resulting triangles are shown in Figure 3.6.

b=31m b=31m
a=12m a=12m
20.5° 64.8° 20.5° 115.2
A B A B,

FIGURE 3.6



A is acute. A is obtuse.
FIGURE 3.7

Area of an Oblique Triangle

The area of any triangle is one-half the product of the lengths of two sides times
the sine of their included angle. That is,
1 1

Area = Ebc SINA = Eab sin C = Eac sin B.




Try as a Class

Find the area of a triangular lot having two sides of lengths 90 meters and 52 meters
and an included angle of 102°.



Solution

Solution

Consider a = 90 meters, b = 52 meters, and angle C = 102° as shown in Figure 3.8.
Then, the area of the triangle is

(90)(52)(sin 102°) = 2289 square meters.

]
Area = Eab sin C = 5

b=52m
102°

C a=90 m
FIGURE 3.8



Try as a Class

The course for a boat race starts at point A in Figure 3.9 and proceeds in the direction
S 52° W to point B, then in the direction S 40° E to point C, and finally back to A.
Point C lies 8 kilometers directly south of point A. Approximate the total distance of
the race course.

V== 4
w-(';-E o
S ,/’\:
Wt

Bg:' i
=N E 8 km
140°° i
I \\ :
: L Y
D C

FIGURE 3.9



Solution

Solution

Because lines BD and AC are parallel, it follows that ZBCA = £ CBD. Consequently,
triangle ABC has the measures shown in Figure 3.10. The measure of angle B is

180° — 52° — 40° = 88°. Using the Law of Sines,

a b  c A
sin 52°  sin 88°  sin 40° ;
Because b = 8, 52°
8
= in 52°) ~ 6.308 B
4= Gngge N5 b =8 km
and
8 a\ 40°
= in 40°) = 5.145.
¢ = Sin gge Sin 407
The total length of the course is approximately C

Length = 8 + 6.308 + 5.145
= 19.453 kilometers. FIGURE 3.10



Sec 3.2



Standard Form

b? + ¢2 — 2bc cos A

a’* + ¢? — 2accos B

a’* + b*> — 2ab cos C

Alternative Form

b* + ¢? — a?

COSA =
2bc
B a’ + c* — b?
cos B =
2ac
a? + b* — ¢?
cos C =

2ab




Try as a Class

Find the three angles of the triangle in Figure 3.11.

B

g =8 ft c=14ft

¢ h=19ft

A

FIGURE 3.11



Solution

Solution

It 1s a good idea first to find the angle opposite the longest side—side b in this case.
Using the alternative form of the Law of Cosines, you find that

a> +c2— b 8 + 142 — 192
2ac 2(8)(14)

cos B = ~ —0.45089.

Because cos B is negative, you know that B is an obtuse angle given by
B = 116.80°. At this point, it is simpler to use the Law of Sines to determine A.

, sin B sin 116.80°
SINA = a ~ § ~ ().37583
b 19

You know that A must be acute because B 1s obtuse, and a triangle can have, at most,
one obtuse angle. So, A = 22.08° and C = 180° — 22.08° — 116.80° = 41.12°.



cos >0 for 0°< 0 < 90° Acute

cos @ <0 for 90° < 6 < 180°. Obtuse



Try as a Class

Find the remaining angles and side of the triangle in Figure 3.12.
C
b=9m a

25°
A c=12m B

FIGURE 3.12




Solution

Solution

Use the Law of Cosines to find the unknown side a in the figure.

a’> = b>+ ¢ — 2bccos A

a’>= 92+ 122 — 2(9)(12) cos 25°
a’ = 29.2375
a = 5.4072

Because a =~ 5.4072 meters, you now know the ratio (sin A)/a and you can use the
reciprocal form of the Law of Sines to solve for B.

sinB  sinA

b a
~g A
sin B = b(bm )
a
(sin 250)
=9
5.4072

~ (0.7034



Solution

Because a = 5.4072 meters, you now know the ratio (sin A)/a and you can use the
reciprocal form of the Law of Sines to solve for B.

sinB  sinA

b a
sin B = b(smA>
a
_ 9(sin 250)
5.4072
~ ().7034

There are two angles between 0° and 180° whose sine is 0.7034, B, = 44.7° and
B, = 180° — 44.7° = 135.3°.

For B, = 44.7°,

C, = 180° — 25° — 44.7° = 110.3°.
For B, =~ 135.3°,

C, = 180° — 25° — 135.3° = 19.7°.

Because side c¢ is the longest side of the triangle, C must be the largest angle of the
triangle. So, B = 44.7° and C = 110.3°.



Try as a Class

The pitcher’s mound on a women’s softball field is 43 feet from home plate and the
distance between the bases is 60 feet, as shown in Figure 3.13. (The pitcher’s mound is
not halfway between home plate and second base.) How far is the pitcher’s mound from
first base?

FIGURE 3.13



Solution

Solution

In triangle HPF, H = 45° (line HP bisects the right angle at H), f = 43, and p = 60.
Using the Law of Cosines for this SAS case, you have

h = f?+ p?> — 2fpcos H
= 432 + 60 — 2(43)(60) cos 45° = 1800.3.
So, the approximate distance from the pitcher’s mound to first base is

h = /1800.3 = 42.43 feet.



Try as a Class

A ship travels 60 miles due east, then adjusts its course northward, as shown in
Figure 3.14. After traveling 80 miles in that direction, the ship is 139 miles from its
point of departure. Describe the bearing from point B to point C.

FIGURE 3.14



Solution

Solution

You have a = 80, b = 139, and ¢ = 60. So, using the alternative form of the Law of
Cosines, you have

a’ + c? — b?
2ac

802 + 602 — 1392
2(80)(60)

~ —0.97094.

cos B =

So, B = arccos(—0.97094) = 166.15°, and thus the bearing measured from due north
from point B to point C is

166.15° — 90° = 76.15°, or N 76.15° E.



Given any triangle with sides of lengths a, b, and c, the area of the triangle is
Area = /s(s — a)(s — b)(s — ¢)
where s = (a + b + ¢)/2.




Try as a Class

Using Heron’s Area Formula

Find the area of a triangle having sides of lengths @ = 43 meters, b = 53 meters, and
¢ = 72 meters.



Solution

Solution
Because s = (a + b + ¢)/2 = 168/2 = 84, Heron’s Area Formula yields

Area = s(s — a)(s — b)(s — ¢)
= /84(41)(31)(12)

~ 1131.89 square meters.




You have now studied three different formulas for the area of a triangle.
Standard Formula: Area = %bh
Oblique Triangle: Area = ;—bc SInA = %ab sin C = %ac sin B

Heron’s Area Formula: Area = /s(s — a)(s — b)(s — ¢)




CLAsSROOM DISCUSSION

The Area of a Triangle Use the most appropriate formula to find the area of each
triangle below. Show your work and give your reasons for choosing each formula.

a. b.
2 ft 2 ft 3ft
50°
4 ft 4 ft
C , d.
i 4 ft
. 3
2 fi "
O

N

-
W
=g



