Sec. 1.8



The 3 types of people in
math dass

ACCURATE



Try as a Class

Finding Directions in Terms of Bearings

A ship leaves port at noon and heads due west at 20 knots, or 20 nautical miles (nm)
per hour. At 2 p.M. the ship changes course to N 54° W, as shown in Figure 1.83. Find
the ship’s bearing and distance from the port of departure at 3 p.M.

FIGURE 1.83



Solution

Solution

For triangle BCD, you have B = 90° — 54° = 36°. The two sides of this triangle can
be determined to be

= 20 sin 36° and d = 20 cos 36°.
For triangle ACD, you can find angle A as follows.

b - 20 sin 36°
d+ 40 20 cos 36° + 40

A = arctan 0.2092494 = 11.82°

tan A = ~ (.2092494

The angle with the north-south line is 90° — 11.82° = 78.18°. So, the bearing of the
ship is N 78.18° W. Finally, from triangle ACD, you have sin A = b/c, which yields

b 20 sin 36°
sinA  sin 11.82°

C:

=~ 57.4 nautical miles. Distance from port



What do springs have to do with this?
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A point that moves on a coordinate line is said to be in simple harmonic motion
if its distance d from the origin at time 7 is given by either

d = a sin wt or d = a cos wt

where a and w are real numbers such that @ > 0. The motion has amplitude |a

?

T w
10d —, and f —.
period —~, and frequency =




Try as a Class

Simple Harmonic Motion

Write the equation for the simple harmonic motion of the ball described in Figure 1.84,
where the period is 4 seconds. What is the frequency of this harmonic motion?
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Solution

Solution
Because the spring is at equilibrium (d = 0) when ¢ = 0, you use the equation
d = asin wt.
Moreover, because the maximum displacement from zero is 10 and the period is 4, you
have

Amplitude = |a| = 10

. 2 N T
Period = — =4 S W=
® 2

Consequently, the equation of motion is
d = 10sin—1.
2
Note that the choice of a = 10 or a = — 10 depends on whether the ball initially moves

up or down. The frequency is

w

2

/2
2T

Frequency

1
= cycle per second.



Try as a Class

Simple Harmonic Motion

Given the equation for simple harmonic motion

3T
d = 6cos—t
4

find (a) the maximum displacement, (b) the frequency, (c¢) the value of d when ¢ = 4,
and (d) the least positive value of 7 for which d = 0.



Solution(Pt. 1)

The given equation has the form d = a cos wt, with
a = 6and w = 37/4.

a. The maximum displacement (from the point of
equilibrium) 1s given by the amplitude. So, the
maximum displacement is 6.

w

b. Frequency = .
T

37/4

2T

3 : .
=3 cycle per unit of time



Solution(Pt. 2)

3
c.d=6 cos[f(ul)]

= 6 cos 37
= 6(~1)
=—6
d. To find the least positive value of ¢ for which

d = 0, solve the equation

3
d=6c¢cos—t=0.
4

First divide each side by 6 to obtain

T
cos—t = 0.
4

This equation is satisfied when
3w _m3mom
4 272727
Multiply these values by 4/(37r) to obtain
2,10

t=-,2,—/ .. ..
3 3

(O[3}

So, the least positive value of 7is t =



Fun fact:

* You can apply the tangent to the cone of
condensed air that forms around a jet going
mach 1 or faster, to calculate how fast it’s

going.




Sec. 2.1

Fundamental Identities



Fundamental Trigonometric Identities

Reciprocal Identities

) 1 1 1
SINu = cosu = tan u =
CcSC u sec u cot u
1 1 |
cSCu = — secu = cotu =
S1n u cos u tan u

Quotient Identities

sin u CcoS u
cotu = —;
CcoS u sin u

tanu =

Pythagorean Identities

sinu + cos?u =1 1 + tan’u = sec?u 1 + cot?u = csc?u

Cofunction Identities

in(w ) co co (W ) n
sin| —— u| = cosu sl ——u|=sinu
2 2
tan( 7 ) cot cot( 7 ) tan
——ul| = u ——u| = u
2 2
31 54
sec| — — = (SC cscl — — = sec
> u u ) u u
Even/Odd Identities
sin(—u) = —sin u cos(—u) = cos u tan(—u) = —tanu

csc(—u) = —cscu sec(—u) = sec u cot(—u) = —cotu




Try as a Class

Using Identities to Evaluate a Function

3 . . . . .
Use the values secu = —3 and tan u > 0 to find the values of all six trigonometric
functions.



Solution

Solution
Using a reciprocal identity, you have
1 1 2
cosu = = -

sec u —3/2= 3

Using a Pythagorean identity, you have

sinfu =1 — cos?u Pythagorean identity
7\2
=1- (_ :> Substitute 7- for cos u.
3
— 4 — o .
=1- a = 5 Simplify.

Because sec u < 0 and tan u > 0, it follows that u lies in Quadrant III. Moreover,
because sin u is negative when u is in Quadrant III, you can choose the negative root
and obtain sin u = — J§/3. Now, knowing the values of the sine and cosine, you can
find the values of all six trigonometric functions.

J5 1 3 35

sinu = — — cscu = = ——==
V5

3 sin u 5
2 1 3
cosu = —— SeC u = = - =
3 cos u 2
sinu —J/5/3 U5 1 2 2J5
tanu = = = = =

tu = = ===
Cos u -2/3 2 Ot = tanu 5 5



Try as a Class

Simplifying a Trigonometric Expression

Simplify sin x cos?x — sin x.



Solution

Solution

First factor out a common monomial factor and then use a fundamental identity.

sin X cos? x — sin x

sin x(coszx — 1)
—sin x(1 — cos? x)
— sin x(sin? x)

—sin’ x

Factor out common monomial factor.
Factor out — 1.
Pythagorean identity

Multiply.



Example

Factoring Trigonometric Expressions

Factor each expression.

a. sec?f — 1 b. 4tan® 0 + tan 60 — 3

Solution

a. This expression has the form u?> — v?, which is the difference of two squares. It
factors as

sec’® — 1 = (sec @ — 1)(sec 6 + 1).
b. This expression has the polynomial form ax? + bx + ¢, and it factors as

4tan?@ + tanO — 3 = (4tan @ — 3)(tan O + 1).



Try as a Class

Factoring a Trigonometric Expression

Factor csc? x — cotx — 3.



Solution

Solution

Use the identity csc? x = 1 + cot? x to rewrite the expression in terms of the cotangent.
csc?x —cotx — 3 = (l + cotzx) —cotx — 3 Pythagorean identity
= cot?x — cotx — 2 Combine like terms.

= (cotx — 2)(cotx + 1) Factor.



Try as a Class

Simplifying a Trigonometric Expression

Simplify sin # + cot 7 cos .



Solution

Solution

Begin by rewriting cot 7 in terms of sine and cosine.

. . COS 1
sint + cotfrcost =sint + ( 1‘) COoSt Quotient identity
Sin

sint + cos? ¢ o
= - Add fractions.
Sin 7

. Pythagorean identity
sin 7

= CSC 1 Reciprocal identity



Try as a Class

Adding Trigonometric Expressions

Perform the addition and simplify.

sin 6 +cosG
| + cos 6 sin 6




Solution

Solution

sin 6 . cos 6  (sin 0)(sin ) + (cos 6)(1 + cos 6)
1 +cosf sinf (1 + cos 6)(sin 6)

sin® @ + cos? 0 + cos 6

= . Multiply.
(1 + cos 6)(sin 6)
B 1 #+-—cos 0 Pythagorean identity:
B (1 #+-cos 8)(sin 0) sin” 6 + cos” 0 = 1
1 ~
- . Divide out common factor.
sin 6

= c¢sc 6 Reciprocal identity



Try as a Class

Rewriting a Trigonometric Expression

Rewrite g so that 1t 1s not 1n fractional form.
sin x



Solution

Solution

From the Pythagorean identity cos?>x = 1 — sin>x = (1 — sinx)(1 + sinx), you can
see that multiplying both the numerator and the denominator by (1 — sinx) will
produce a monomial denominator.

| | | — sinx

— . Multiply numerator and
1 + sinx l +sinx 1 —sinx denominator by (1 — sin x).
I — sinx
=0 Multiply.
I — sin®x
1 — sinx -
=5 Pythagorean identity
COS~ X
1 sin x

= > . 5 Write as separate fractions.
COS~ Xx COS~ Xx

1 sin x 1 -
= S . Product of fractions
COS~ X COS X COS Xx

= sec? x — tan x sec x Reciprocal and quotient identities



Try as a Class

Trigonometric Substitution

Use the substitution x = 2tan 0, 0 < 6 < /2, to write

J4 + x2

as a trigonometric function of 6.



An interpretation of the problem

— arntan X
6 = arctan 5
2
Angle whose tangent is x/2.
FIGURE 2.1




Solution

Solution
Begin by letting x = 2 tan 6. Then, you can obtain

V4 + x2 = \/4 + (2 tan 0)2 Substitute 2 tan 6 for x.
= \/4 + 4 tan’ 0 Rule of exponents
= \/4(1 + tan? 0) Factor.

V4 sec? 6 Pythagorean identity

2 sec 6. sec > 0for0 < 0 < 7/2



Sec. 2.2



Guidelines for Verifying Trigonometric Identities

1.

Work with one side of the equation at a time. It is often better to work with
the more complicated side first.

. Look for opportunities to factor an expression, add fractions, square a binomial,

or create a monomial denominator.

. Look for opportunities to use the fundamental identities. Note which

functions are in the final expression you want. Sines and cosines pair up well,
as do secants and tangents, and cosecants and cotangents.

. If the preceding guidelines do not help, try converting all terms to sines and

cosines.

. Always try something. Even paths that lead to dead ends provide insights.




Try as a Class

Verifying a Trigonometric Identity

Verify the identity (sec? 6 — 1)/sec? 6 = sin® 6.



Solution

Solution
The left side 1s more complicated, so start with it.

sec’f — 1 (tan’6+ 1) — 1

Pythagorean identity

sec” 0 sec” 0
tan’ 0 —_—
= Simplify.
sec” 0
= tan’ 0(0082 0) Reciprocal identity
sin” 6
= —2 (,6652/0) Quotient identity
= sin” 0 Simplify.

Notice how the identity is verified. You start with the left side of the equation (the more
complicated side) and use the fundamental trigonometric identities to simplify it until
you obtain the right side.



Example

Verifying a Trigonometric Identity

1 1

5 + —.
| — sin « | + sin «

Verify the identity 2 sec® a =

The right side is more complicated, so start with it.

1 1 |l +sina+ 1 — sin «
; + ; = : - Add fractions.
l —sinae 1 +sina (1 — sina)(l + sin a)

2 I
= e Simplify.
1 — sin’
: o
= 5 Pythagorean identity
COS~ «¢

2 sec’ « Reciprocal identity



Try as a Class

Verifying a Trigonometric Identity

Verify the identity (tan’x + 1)(cos’x — 1) = —tan? x.



Solution

By applying identities before multiplying, you obtain the
following.

(tanzx + 1)(0032x — 1) (seczx)(—sinzx) Pythagorean identities

sin® x | L
= — " Reciprocal identity
COS™ X
sin x \? ‘
= — Rule of exponents
COS X

= —tan? x Quotient identity



Try as a Class

Converting to Sines and Cosines

Verity the 1dentity tan x + cot x = sec x ¢ScC x.



Solution

Solution

Try converting the left side into sines and cosines.

sinx  COSX S
tanx + cotx = + — Quotient identities
COS X SIn x

sin?x + cos?x o
— Add fractions.

COS X SIn X
1 . .
- : Pythagorean identity
COS X SIn x
1 1

= - Product of fractions.
COS X SIn X

= SeC X CSC x Reciprocal identities



Try as a Class

Verifying a Trigonometric Identity

COS X

Verity the identity sec x + tan x = —.
| — sinx



Solution

Begin with the right side because you can create a monomial
denominator by multiplying the numerator and denominator by
1 + sin x.

denominator by 1 + sin x.

Il —sinx I —sinx\1 + sinx

COS x COS x ( 1 + sin x) Multiply numerator and
COS X + €OS x sin x .
- - 5 Multiply.
]l — sin“x

COS X + C€OSx sin x S
= Pythagorean identity

cos? x
COS X  COS X Sin X , -
= 5 + 5 Write as separate fractions.
COS~ X COS~ X
1 sin x o
= + Simplify.

COS X COS X

= secx + tan x Identities



Try as a Class

Working with Each Side Separately

. ... cot?# ] — sin 6
Verify the identity = ;
1 + csc 6 sin 6




Solution

Algebraic Solution
Working with the left side, you have

cot?’6  csc”f — 1
l+csch 1 +csch
~ (csc 0 — 1)(cse6+1)
- 1 +-—cscé
= csc 0 — 1.

Now, simplifying the right side, you have

l—sinO_ | sin 6

sin O sinf sin 6

=csc 60— 1.

Pythagorean identity

Factor.

Simplify.

Write as separate fractions.

Reciprocal identity

The identity is verified because both sides are equal to csc 6 — 1.



Try as a Class

Three Examples from Calculus

Verity each identity.
a. tan* x = tan® x sec’x — tan’x
b. sin® x cos*x = (cos*x — cos®x) sin x

¢. csc* x cot x = csc? x(cot x + cot? x)



Solution

Solution
a. tan*x = (tan2 x) (tan2 x) Write as separate factors.
= tan? )C(SCC2 X — 1) Pythagorean identity
= tan® xsec’ x — tan’ x Multiply.
b. sin® x cos*x = sin? x cos* x sin x Write as separate factors.
= (1 — cos? x) cos* x sinx Pythagorean identity
— 4 .. __ 6 - .
= (cos* x — cos® x) sin x Multiply.
c. csc* x cotx = csc? x csc? x cot x Write as separate factors.
= csc2 x(1 + cot? x) cot x Pythagorean identity

= c¢sc? x(cot x + cot? x) Multiply.



Sec. 2.3



Try as a Class

Collecting Like Terms

Solve sin x + \/5 = —SIn X.



Solution

Solution

Begin by rewriting the equation so that sin x is isolated on one side of the equation.

sinx + \/— = —sin x Write original equation.
sinx + sinx + \/5 =0 Add sin x to each side.
sinx +sinx = — ﬁ Subtract /2 from each side.
2sinx = — \/5 Combine like terms.
. V2
SiInx = — T Divide each side by 2.

Because sin x has a period of 2, first find all solutions in the interval [0, 277). These
solutions are x = 57/4 and x = 77/4. Finally, add multiples of 27 to each of these
solutions to get the general form

S5 7T
X = 7 + 2n1r and X = T + 2n1r General solution

where 7 is an integer.



Try as a Class

Extracting Square Roots

Solve 3tan’x — 1 = 0.



Solution

Solution

Begin by rewriting the equation so that tan x is isolated on one side of the equation.

Jtan’x — 1 =0 Write original equation.
3tan?x = 1 Add 1 to each side.
|
tan?x = — Divide each side by 3.
3
1 V3
tanx = * \/§ =+ 3 Extract square roots.

Because tan x has a period of 7, first find all solutions in the interval [0, 7). These
solutions are x = 7r/6 and x = 57/6. Finally, add multiples of 7 to each of these
solutions to get the general form

T S .
X =—++ nm and X =—++nmw General solution

6 6

where n 1s an integer.



Try as a Class

Factoring

Solve cot x cos® x = 2 cot x.



Solution(Pt. 1)

Solution

Begin by rewriting the equation so that all terms are collected on one side of the
equation.

cot x cos?x = 2 cot x Write original equation.
7 — ~ ~ .
cotxcos“x — 2cotx =0 Subtract 2 cot x from each side.
cot X(COSZX - 2) =0 Factor.

By setting each of these factors equal to zero, you obtain

cotx =0 and cos2x —2=0
T ) 5
X =— cos?x =
2

cCosSx = iﬂ.

The equation cot x = 0 has the solution x = 77/2 [in the interval (0, 77)]. No solution is
obtained for cos x = ++/2 because + +/2 are outside the range of the cosine function.
Because cot x has a period of 7, the general form of the solution is obtained by adding
multiples of 7 to x = /2, to get

o
X = 5 + nr General solution

where n is an integer. You can confirm this graphically by sketching the graph of
y = cot x cos? x — 2 cotx, as shown in Figure 2.8. From the graph you can see that the
x-intercepts occur at —3w/2, —m/2, w/2, 3mw/2, and so on. These x-intercepts
correspond to the solutions of cot x cos®> x — 2 cot x = 0.



Solution(Pt. 2)

I I

: L : /

! % - X
- T

// AT |

-2 1+

3 é \

2
y=cotxcos“x—2cotx

FIGURE 2.8



Try as a Class

Factoring an Equation of Quadratic Type

Find all solutions of 2 sin?x — sinx — 1 = 0 in the interval [0, 27).



Solution

Begin by treating the equation as a quadratic in sin x and
factoring.

2sinx —sinx — 1 =0 Write original equation.
(2sinx + 1)(sinx — 1) =0 Factor.

Setting each factor equal to zero, you obtain the
following solutions in the interval [0, 277).

2sinx+ 1 =0 and sinx—1=0
. 1 :
Sinx = — — sinx = 1
2
T 1l



Example

Rewriting with a Single Trigonometric Function

Solve 2 sin?x + 3cosx — 3 = 0.

Solution

This equation contains both sine and cosine functions. You can rewrite the equation so
that it has only cosine functions by using the identity sin> x = 1 — cos? x.

2sin’x +3cosx —3=0 Write original equation.
2(1 - COS?‘X) +3cosx—3=0 Pythagorean identity
2cos?x —3cosx+1=0 Multiply each side by — 1.
(2cosx — I)(cosx — 1) =0 Factor.

Set each factor equal to zero to find the solutions in the interval [0, 2).

S L 1
2cosx —1=0 > cosx—2 > x—3,3
cosx —1 =0 :/ cosx=1 [ > x=0

Because cos x has a period of 27, the general form of the solution is obtained by adding
multiples of 27 to get

aa aa
X =2nm x= g + 2nm, x = ? + 2nar General solution

where n is an integer.



Try as a Class

Squaring and Converting to Quadratic Type

Find all solutions of cos x + 1 = sin x in the interval [0, 277).



Solution

It is not clear how to rewrite this equation in terms of a single trigonometric function.
Notice what happens when you square each side of the equation.

Solution

cosx + 1 =sinx Write original equation.
cos?x + 2cosx + 1 = sin®x Square each side.
cos?x+2cosx+ 1 =1—cos?x Pythagorean identity
cos?x + cos’x+ 2cosx+1—-1=0 Rewrite equation.
2 cos?2x + 2cosx =0 Combine like terms.
2cosx(cosx + 1) =0 Factor.
Setting each factor equal to zero produces
2cosx =0 and cosx + 1 =0
cosx =0 cosx = —1
o 3 o
X = 5, 7 X = .

Because you squared the original equation, check for extraneous solutions.

Check x = 72

T ?2 .
cos + 1 = sin Py Substitute 7/2 for x.
0+1=1 Solution checks. v
Check x = 37/2
37 ?7 . 3w
cos 5 + 1 = sin Py Substitute 377/2 for x.
0+1+#—1 Solution does not check.
Check x = =
9
cos 7+ 1 =sin7 Substitute 7 for x.
-1+1=0 Solution checks. v

Of the three possible solutions, x = 37/2 is extraneous. So, in the interval [(), 21), the
only two solutions are x = 7/2 and x = .



Example

Functions of Multiple Angles

Solve 2cos 3t — 1 = 0.

Solution
2cos3tr—1=0 Write original equation.
2cos 3t =1 Add 1 to each side.
1
cos 3t = — Divide each side by 2.

In the interval [0, 277), you know that 3t = 77/3 and 3¢ = 57/3 are the only solutions,
s0, in general, you have
5
3t = E + 2nr and 3t = 27 + 2n1r.
3 3
Dividing these results by 3, you obtain the general solution
T  2nr 5@ 2nw
t=—+ — and t=—+ — General solution

9 3 9 3

where n is an integer.



Try as a Class

Functions of Multiple Angles

Solve 3 tan% +3=0.



Solution

Solution
X
3 tan 5 +3=0 Write original equation.
X
3 tan 5 = -3 Subtract 3 from each side.
X
tan 5 = —1 Divide each side by 3.

In the interval [0, 77), you know that x/2 = 37/4 is the only solution, so, in general,
you have
x 37

= — + nm.
2 4

Multiplying this result by 2, you obtain the general solution

3 _
X = 7 + 2nmr General solution

where 7 is an integer.



Try as a Class

Using Inverse Functions

Solve sec? x — 2 tan x = 4.



Solution

Solution
sec’x — 2tanx = 4 Write original equation.
] + tan’x — 2tanx — 4 =0 Pythagorean identity
tan’x — 2tanx — 3 = 0 Combine like terms.
(tanx — 3)(tanx + 1) =0 Factor.

Setting each factor equal to zero, you obtain two solutions in the interval (— /2, m/2).
[Recall that the range of the inverse tangent function is (— /2, 7/2).]

tanx — 3 =0 and tanx + 1 =0
tanx = 3 tanx = — 1
T
X = arctan 3 x=—z

Finally, because tan x has a period of 7, you obtain the general solution by adding
multiples of 7

ar
x = arctan 3 + n and X = — Z + nar General solution

where 7 1s an integer. You can use a calculator to approximate the value of arctan 3.



CLASSROOM DISCUSSION

Equations with No Solutions One of the following equations has solutions and
the other two do not. Which two equations do not have solutions?

a. sinx — 5sinx +6 =0

b. sin?x — 4sinx + 6 =0

c. sinx — 5sinx —6 =0

Find conditions involving the constants b and ¢ that will guarantee that the equation
sinx + bsinx +c =0

has at least one solution on some interval of length 2.



