Sec 1.6-1.8



T T T T
X 5 —1.57 —1.5 1 0 1 1.5 1.57 >
tanx | Undef. | —1255.8 | —14.1 | —1 | O | I | 14.1 | 1255.8 | Undef.
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Try as a Class

Sketch the graph of y = tan(x/2).



Solution(Pt. 1)

Solution

By solving the equations

X T X
- = ——= and — = —
2 2 2 2
X = —1a X =1
you can see that two consecutive vertical asymptotes occur at x = — 7 and x = .

Between these two asymptotes, plot a few points, including the x-intercept, as shown in
the table. Three cycles of the graph are shown in Figure 1.60.

T T
X — T —202 T

tan — | Undef. | —1 | O | 1 | Undef.

[@I158Point - Now try Exercise 15.



Solution(Pt. 2)

y = (an _'2‘.
y
- - ‘

FIGURE 1.60



Try as a Class

Sketch the graph of y = —3 tan 2x.



Solution(Pt. 1)

Solution

By solving the equations

T T
2 = —— and 2x = —
> an x =7

T T
xX=—-— X =-—
4 4
you can see that two consecutive vertical asymptotes occur at x = —77/4 and x = /4.

Between these two asymptotes, plot a few points, including the x-intercept, as shown in
the table. Three cycles of the graph are shown in Figure 1.61.

A A P A
* 4 8 8 | 4

—3 tan 2x | Undef. 3 0O | —3 | Undef.

By comparing the graphs in Examples 1 and 2, you can see that the graph of
y = a tan(bx — ¢) increases between consecutive vertical asymptotes when a > 0, and
decreases between consecutive vertical asymptotes when a < 0. In other words, the graph
fora < 01is areflection in the x-axis of the graph for a > 0.

[@iF&Point - Now try Exercise 17.



Solution(Pt. 2)

Y |y=-3tan 2x

FIGURE 1.61



And cot(x)...?

COS X
y = Cotx =

SIN X
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Try as a Class

Sketch the graph of y = 2 cot %



Solution(Pt. 1)

Solution

By solving the equations

=0 and =1

x x
3 3
x=20 X =37

you can see that two consecutive vertical asymptotes occur at x = 0 and x = 3.
Between these two asymptotes, plot a few points, including the x-intercept, as shown in
the table. Three cycles of the graph are shown in Figure 1.63. Note that the period is
3, the distance between consecutive asymptotes.

37 | 37 | 97
4 2 4

2c0t§ Undef. | 2 | 0 | =2 | Undef.

[@iEdPeint - Now try Exercise 27.



Solution(Pt. 2)

X
v lv=2cot =
Yol 3

FIGURE 1.63



And the other functions...?

|
: and seC x = .
SIN X COS X

CSC X —
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FIGURE 1.64



Try as a Class

Sketch the graph of y = 2 Csc(x + jf)



Solution(Pt. 1)

Solution
Begin by sketching the graph of

) = 2si + —.
y = sm(x >

For this function, the amplitude is 2 and the period is 27. By solving the equations

T T
+—=0 and + —=—=2
X 4 an X 4 T
T T
X = —— X =
4 4

you can see that one cycle of the sine function corresponds to the interval from
x = —a/4 to x = 7m/4. The graph of this sine function is represented by the gray
curve in Figure 1.66. Because the sine function is zero at the midpoint and endpoints of
this interval, the corresponding cosecant function

y =2 csc(x + g)
~{ i )

has vertical asymptotes at x = — /4, x = 37/4, x = 7m/4, etc. The graph of the
cosecant function is represented by the black curve in Figure 1.66.

[@i[ZdPoint - Now try Exercise 33.



Solution(Pt. 2)

(8
v=2csc(x+—
- 4

y=2 sin(x+ %)

) v

FIGURE 1.66




Try as a Class

Sketch the graph of y = sec 2x.



Solution(Pt. 1)

Solution

Begin by sketching the graph of y = cos 2x, as indicated by the gray curve in Figure
1.67. Then, form the graph of y = sec 2x as the black curve in the figure. Note that the
x-intercepts of y = cos 2x

EUNCEUNCON

correspond to the vertical asymptotes

T T 3
X = ——, X = —, X = ...
4 4 4

of the graph of y = sec 2x. Moreover, notice that the period of y = cos 2x and
y = sec 2x 1S .

@358 Point -+ Now try Exercise 35.



Solution(Pt. 2)

y = sec 2x y =Cos 2x

FIGURE 1.67



..now... for the fun stuff!

Damped Trigonometric Graphs

A product of two functions can be graphed using properties of the individual functions.
For instance, consider the function

f(x) = xsinx



Example

— x| = xsinx = |x|



f(x) =xsin x

FIGURE 1.68



Try as a Class

Sketch the graph of

f(x) = x? sin 3x.



Solution(Pt. 1)

Solution

Consider f(x) as the product of the two functions

39}

y =X and y = sin 3x

each of which has the set of real numbers as its domain. For any real number x, you
know that x> = 0 and [sin 3x| =< 1. So, x? [sin 3x| = x2, which means that

—x2 < x2sin 3x < x2

Furthermore, because

' : T nw
f(x) =x?sin3x=+x2 at x=—+ —
6 3
and
: : nir
the graph of f touches the curves y = —x* and y = x* at x = /6 + nm/3 and has

intercepts at x = n/3. A sketch is shown in Figure 1.69.

[@iZ&®Point - Now try Exercise 81.



Solution(Pt. 2)

flx) = x2sin 3x | ¥

/

FIGURE 1.69



Review of the the graph of basic trig.
functions
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Section 1.7

Inverse Trig Functions!



Taking shout outs...

Question:

— If  know the graph of a function f, the what can |
say about the graph of it’s inverse f1?



y =Ssin x

sin x has an inverse function

FIGURE 1.71

on this interval.




Definition of Inverse Sine Function
The inverse sine function is defined by

y = arcsin x if and only if siny = x

where —1 < x < land —7/2 < y < /2. The domain of y = arcsin x is
[—1, 1], and the range is [ — 7/2, 7/2].




Try as a Class

Evaluating the Inverse Sine Function

If possible, find the exact value.

1 V3

a. arcsin<—5> b. sin T c. sin_ '2



Solution

Solution
T | T T
a. Because sin{ —— | = ——for —— < y < —, it follows that
( 6) 2 )
. ( l) m Anele wi S I
arcsiny — — | = ——. ngle whose sine 1S —5
2 6 ) .
. TT \/5 T T .
b. Because sin — = — for —— =< y < —, it follows that
3 2 2 2
o V3 ow .
sin”- ' —— = . Angle whose sine is /3/2
2 3

c. Itis not possible to evaluate y = sin~ ' x when x = 2 because there is no angle whose
sine is 2. Remember that the domain of the inverse sine function is [—1, 1].



Try as a Class

Graphing the Arcsine Function

Sketch a graph of

y = arcsin Xx.



Solution(Pt. 1)

Solution

By definition, the equations y = arcsinx and siny = x are equivalent for
— /2 <y < m/2. So, their graphs are the same. From the interval [ — /2, 7/2], you
can assign values to y in the second equation to make a table of values. Then plot the
points and draw a smooth curve through the points.

A O L P LA A .

Y 2 4 6 6 | 4 |2

x=siny | -1 | Y2 | _Lig|Ll]~2|,
2 2 2 | 2

The resulting graph for y = arcsin x is shown in Figure 1.72. Note that it is the
reflection (in the line y = x) of the black portion of the graph in Figure 1.71. Be sure
you see that Figure 1.72 shows the entire graph of the inverse sine function. Remember
that the domain of y = arcsin x is the closed interval [— 1, 1] and the range is the closed
interval [ — /2, 7/2].



Solution(Pt. 2)

y = arcsin x

\(_ﬁ _E)

27 4

FIGURE 1.72



Cos(x)

y =COS X

cos x has an inverse function
on this interval.

FIGURE 1.73



Definitions of the Inverse Trigonometric Functions

Function Domain Range

.. e T T

y = arcsin x if and only if siny = x -1 =x=1 —Egyga
y = arccos x if and only ifcosy =x —1 =x =1 O<sy<smw

T
<y <

SE

y = arctan x if and only iftany =x —oc0o <x <00 —
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Question:

Why are they called “arc-” trig. functions?



Try as a Class

Evaluating Inverse Trigonometric Functions

Find the exact value.

V2

a. arccos —= b. cos '(—1)

¢. arctan () d. tan " '(—1)



Solution

Solution

a. Because cos(7/4)

V2

J2/2, and /4 lies in [0, 7], it follows that

a -
arccos —— = Z Angle whose cosine is /2/2
b. Because cos m = — 1, and 7 lies in [0, 77], it follows that
COS_I(— l) = TI. Angle whose cosine is — 1

¢. Because tan 0 = 0, and O lies in (— /2, 7/2), it follows that
arctan 0 = 0. Angle whose tangent is 0

d. Because tan(—7/4) = —1, and — 7/4 lies in (— /2, 7/2), it follows that

-1 T :
tan (— l) = — . Angle whose tangent is — |



Compositions of Functions

Recall from Section P.10 that for all x in the domains of f and f~!, inverse functions
have the properties

f(f'x))=x and  f'(f(x) = x



Inverse Properties of Trigonometric Functions
If =1 <x<land —7w/2 <y < 7/2, then

sin(arcsin x) = x and arcsin(sin y) = y.
If -1 <=x<1land0 < y < m then

cos(arccos x) = x and  arccos(cosy) = y.
If x is a real number and —7/2 < y < /2, then

tan(arctan x) = x and arctan(tan y) = y.




Try as a Class

Using Inverse Properties

If possible, find the exact value.

-~

(. S
a. tan[arctan(—35)] b. arcsm(sm T) ¢. cos(cos™! )



Solution

Solution

a. Because —35 lies in the domain of the arctan function, the inverse property applies,
and you have

tan[arctan(—5)] = —5.

b. In this case, 57/3 does not lie within the range of the arcsine function,
—m/2 < y < /2. However, 57/3 is coterminal with

S5 T
D= ——
3 7T 3

which does lie in the range of the arcsine function, and you have

| <' 577-) | |: | ( ﬂ.>:| 7T
arcsin|sin — | = arcsin|sin(— — | | = — —.
3 3 3

c. The expression cos(cos™'7r) is not defined because cos™ ! is not defined.
Remember that the domain of the inverse cosine function is [—1, 1].



Try as a Class

Evaluating Compositions of Functions

Find the exact value.

2 , 3
a. tan(arccos ;) b. cos[arcsm( — g)]



Solution(Pt. 1)

Solution
2 2 . .. . .
a. If you let u = arccos 3, then cos u = 3. Because cos u 1s positive, u 1s a first-quadrant

angle. You can sketch and label angle u as shown in Figure 1.75. Consequently,

2 5
)

arccos — : :
3 adj 2
: 3 : 3 .. : .,
b. If you let u = arcsm(—g), then sin u = —3. Because sin u 18 negative, u 1s a fourth-
quadrant angle. You can sketch and label angle u as shown in Figure 1.76.
Consequently,

cos|arcsin| —— || = cosu = — = —.
5 hyp 5



Solution(Pt. 2)

2
U = arccos 3 ’—

2

Angle whose cosine is 3
FIGURE 1.75

E )4[_

V52— (=3)2
(_

u = arcsin

| w

Angle whose sine is —3
FIGURE 1.76



Try as a Class

Some Problems from Calculus
Write each of the following as an algebraic expression in x.

|
a. sin(arccos 3x), 0 < x < N b. cot(arccos 3x), 0 < x <

W | —



Solution(Pt. 1)

Solution

If you let u = arccos 3x, then cos u = 3x, where —1 = 3x < 1. Because

adj  3x
cosu = =
hyp 1
you can sketch a right triangle with acute angle u, as shown in Figure 1.77. From this
triangle, you can easily convert each expression to algebraic form.

|

a. sin(arccos 3x) = sinu = OPP _ J1 —9x2%2, 0 <x < -
hyp 3

b. cot( 30) = cotu = 3 5 0<x<r
. cot(arccos 3x) = cotu = —— = : <x< =
opp V1 — 9x? 3



Solution(Pt. 2)

\/ 1 —(3x)°

I = arccos 3x
3x

Angle whose cosine is 3x
FIGURE 1.77




Sec 1.8



Try as a Class

Solving a Right Triangle

Solve the right triangle shown in Figure 1.78 for all unknown sides and angles.

B

a

34.2° .
A b=19.4 C

FIGURE 1.78




Solution

Solution

Because C = 90°, it follows that A + B = 90° and B = 90° — 34.2° = 55.8°. To solve
for a, use the fact that

opp _ a

tanA = —— = | :\:\fl?*) a = btan A.
adj b '
So,a = 19.4 tan 34.2° = 13.18. Similarly, to solve for ¢, use the fact that
adj b b
COSA = —-——— l L» C = .
yp ¢ cos A
19.4
So,¢c = —— = 23.46.

cos 34.2°



Try as a Class

Finding a Side of a Right Triangle

A safety regulation states that the maximum angle of elevation for a rescue ladder is
72°. A fire department’s longest ladder is 110 feet. What is the maximum safe rescue
height?
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FIGURE 1.79



Solution

Solution
A sketch is shown in Figure 1.79. From the equation sin A = a/c, it follows that

a=csinA = 110sin 72° = 104.6.

So, the maximum safe rescue height is about 104.6 feet above the height of the fire
truck.



Try as a Class

Finding a Side of a Right Triangle

At a point 200 feet from the base of a building, the angle of elevation to the bottom
of a smokestack is 35°, whereas the angle of elevation to the fop is 53°, as shown in
Figure 1.80. Find the height s of the smokestack alone.
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FIGURE 1.80



Solution

Solution

Note from Figure 1.80 that this problem involves two right triangles. For the smaller
right triangle, use the fact that

a

tan 35° = 200

to conclude that the height of the building is
a = 200 tan 35°.

For the larger right triangle, use the equation

a-t+s
200

tan 53° =

to conclude that a + s = 200 tan 53°. So, the height of the smokestack is
s = 200 tan 53° — a
= 200 tan 53° — 200 tan 35°
~ 125.4 feet.



Try as a Class

Finding an Acute Angle of a Right Triangle

A swimming pool 1s 20 meters long and 12 meters wide. The bottom of the pool is
slanted so that the water depth 1s 1.3 meters at the shallow end and 4 meters at the deep
end, as shown in Figure 1.81. Find the angle of depression of the bottom of the pool.



[13m
2.7 m

Angle of
depression

FIGURE 1.81



Solution

Solution

Using the tangent function, you can see that

tan A = oPP

adj
_27
20
= 0.135.
So, the angle of depression is
A = arctan 0.135
~ (.13419 radian
~ 7.69°.



Trigonometry and Bearings

In surveying and navigation, directions can be given in terms of bearings. A bearing
measures the acute angle that a path or line of sight makes with a fixed north-south line,

as shown in Figure 1.82. For instance, the bearing S 35° E in Figure 1.82 means
35 degrees east of south.

N N N
A A A ar0
80° 9
W = = E W A—>E W = » E
\7350 o Y o Y o
g S 35°E S N 80° W S N 45° E

FIGURE 1.82



Try as a Class

Finding Directions in Terms of Bearings

A ship leaves port at noon and heads due west at 20 knots, or 20 nautical miles (nm)
per hour. At 2 p.M. the ship changes course to N 54° W, as shown in Figure 1.83. Find
the ship’s bearing and distance from the port of departure at 3 p.M.

FIGURE 1.83



Solution

Solution

For triangle BCD, you have B = 90° — 54° = 36°. The two sides of this triangle can
be determined to be

= 20 sin 36° and d = 20 cos 36°.
For triangle ACD, you can find angle A as follows.

b - 20 sin 36°
d+ 40 20 cos 36° + 40

A = arctan 0.2092494 = 11.82°

tan A = ~ (.2092494

The angle with the north-south line is 90° — 11.82° = 78.18°. So, the bearing of the
ship is N 78.18° W. Finally, from triangle ACD, you have sin A = b/c, which yields

b 20 sin 36°
sinA  sin 11.82°

C:

=~ 57.4 nautical miles. Distance from port



What do springs have to do with this?

--10cm

--0cm

Equilibrium

FIGURE 1.84

--0cm

--—=10cm

Maximum negative
displacement

% 10 cm

Maximum positive
displacement



A point that moves on a coordinate line is said to be in simple harmonic motion
if its distance d from the origin at time 7 is given by either

d = a sin wt or d = a cos wt

where a and w are real numbers such that @ > 0. The motion has amplitude |a

?

T w
10d —, and f —.
period —~, and frequency =




Try as a Class

Simple Harmonic Motion

Write the equation for the simple harmonic motion of the ball described in Figure 1.84,
where the period is 4 seconds. What is the frequency of this harmonic motion?



- --10cm

- --0cm

Equilibrium

FIGURE 1.84

Maximum negative
displacement

-- -- 10 cm

Maximum positive
displacement



Solution

Solution
Because the spring is at equilibrium (d = 0) when ¢ = 0, you use the equation
d = asin wt.
Moreover, because the maximum displacement from zero is 10 and the period is 4, you
have

Amplitude = |a| = 10

. 2 N T
Period = — =4 S W=
® 2

Consequently, the equation of motion is
d = 10sin—1.
2
Note that the choice of a = 10 or a = — 10 depends on whether the ball initially moves

up or down. The frequency is

w

2

/2
2T

Frequency

1
= cycle per second.



Try as a Class

Simple Harmonic Motion

Given the equation for simple harmonic motion

3T
d = 6cos—t
4

find (a) the maximum displacement, (b) the frequency, (c¢) the value of d when ¢ = 4,
and (d) the least positive value of 7 for which d = 0.



Solution(Pt. 1)

The given equation has the form d = a cos wt, with
a = 6and w = 37/4.

a. The maximum displacement (from the point of
equilibrium) 1s given by the amplitude. So, the
maximum displacement is 6.

w

b. Frequency = .
T

37/4

2T

3 : .
=3 cycle per unit of time



Solution(Pt. 2)

3
c.d=6 cos[f(ul)]

= 6 cos 37
= 6(~1)
=—6
d. To find the least positive value of ¢ for which

d = 0, solve the equation

3
d=6c¢cos—t=0.
4

First divide each side by 6 to obtain

T
cos—t = 0.
4

This equation is satisfied when
3w _m3mom
4 272727
Multiply these values by 4/(37r) to obtain
2,10

t=-,2,—/ .. ..
3 3

(O[3}

So, the least positive value of 7is t =



