
340 CHAPTER 4  Integrals

focus of your report should be a description, in some detail, of their methods and notations. In 
particular, you should consult one of the sourcebooks, which give excerpts from the original 
publications of Newton and Leibniz, translated from Latin to English.

● The Role of Newton in the Development of Calculus

● The Role of Leibniz in the Development of Calculus

●  The Controversy between the Followers of Newton and Leibniz over  
Priority in the Invention of Calculus
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Because of the Fundamental Theorem, it’s important to be able to find antiderivatives. 
But our antidifferentiation formulas don’t tell us how to evaluate integrals such as

y 2xs1 1 x 2 dx

To find this integral we use the problem-solving strategy of introducing something extra. 
Here the “something extra” is a new variable; we change from the variable x to a new 
variable u. Suppose that we let u be the quantity under the root sign in (1), u − 1 1 x 2. 
Then the differential of u is du − 2x dx. Notice that if the dx in the notation for an inte-

1

PS
Differentials were defined in  
Sec tion 2.9. If u − f sxd, then

du − f 9sxd dx
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 SECTION 4.5  The Substitution Rule 341

gral were to be interpreted as a differential, then the differential 2x dx would occur in (1) 
and so, formally, without justifying our calculation, we could write

 y 2xs1 1 x 2  dx − y s1 1 x 2  2x dx − y su
  du

 − 2
3 u3y2 1 C − 2

3 s1 1 x 2d3y2 1 C

But now we can check that we have the correct answer by using the Chain Rule to dif-
ferentiate the final function of Equation 2: 

d
dx

 f2
3s1 1 x 2d3y2 1 Cg − 2

3 ! 3
2s1 1 x 2d1y2 ! 2x − 2xs1 1 x 2 

In general, this method works whenever we have an integral that we can write in the 
form y f stsxdd t9sxd dx. Observe that if F9− f , then

y F9stsxdd t9sxd dx − Fstsxdd 1 C

because, by the Chain Rule, 

d
dx

 fFstsxddg − F9stsxdd t9sxd

If we make the “change of variable” or “substitution” u − tsxd, then from Equation 3 
we have 

y F9stsxdd t9sxd dx − Fstsxdd 1 C − Fsud 1 C − y F9sud du

or, writing F9 − f , we get 

y f stsxdd t9sxd dx − y f sud du

Thus we have proved the following rule.

4   The Substitution Rule If u − tsxd is a differentiable function whose range is 
an interval I and f  is continuous on I, then

y f stsxdd t9sxd dx − y f sud du 

Notice that the Substitution Rule for integration was proved using the Chain Rule for 
differentiation. Notice also that if u − tsxd, then du − t9sxd dx, so a way to remember 
the Sub stitution Rule is to think of dx and du in (4) as differentials.

Thus the Substitution Rule says: it is permissible to operate with dx and du after  
integral signs as if they were differentials.

EXAMPLE 1  Find y x 3 cossx 4 1 2d dx.

SOLUTION We make the substitution u − x 4 1 2 because its differential is 
du − 4x 3 dx, which, apart from the constant factor 4, occurs in the integral. Thus, using

2

3
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342 CHAPTER 4  Integrals

 x 3 dx − 1
4 du and the Substitution Rule, we have

 y x 3 cossx 4 1 2d dx − y cos u ! 1
4 du − 1

4 y cos u du

 − 1
4 sin u 1 C

 − 1
4 sinsx 4 1 2d 1 C

Notice that at the final stage we had to return to the original variable x. Q

The idea behind the Substitution Rule is to replace a relatively complicated integral  
by a simpler integral. This is accomplished by changing from the original variable x 
to a new variable u that is a function of x. Thus in Example 1 we replaced the integral 
y x 3 cossx 4 1 2d dx by the simpler integral 14 y cos u du.

The main challenge in using the Substitution Rule is to think of an appropriate substi-
tution. You should try to choose u to be some function in the integrand whose differential 
also occurs (except for a constant factor). This was the case in Example 1. If that is not 
pos sible, try choosing u to be some complicated part of the integrand (perhaps the inner 
function in a composite function). Finding the right substitution is a bit of an art. It’s not 
unusual to guess wrong; if your first guess doesn’t work, try another substitution.

EXAMPLE 2  Evaluate y s2x 1 1 dx.

SOLUTION 1 Let u − 2x 1 1. Then du − 2 dx, so dx − 1
2 du. Thus the Substitution 

Rule gives

 y s2x 1 1 dx − y su  ! 1
2 du − 1

2 y u 1y2 du

 −
1
2

!
u 3y2

3y2
1 C − 1

3 u 3y2 1 C

 − 1
3 s2x 1 1d3y2 1 C

SOLUTION 2 Another possible substitution is u − s2x 1 1. Then

du −
dx

s2x 1 1
    so    dx − s2x 1 1 du − u du

(Or observe that u 2 − 2x 1 1,  so 2u du − 2 dx.) Therefore

 y s2x 1 1 dx − y u ! u du − y u 2 du

  −
u 3

3
1 C − 1

3 s2x 1 1d3y2 1 C Q

EXAMPLE 3  Find y 
x

s1 2 4x 2 
 dx.

SOLUTION Let u − 1 2 4x 2. Then du − 2 8x dx, so x dx − 2 1
8 du and

 y 
x

s1 2 4x 2  dx − 2 1
8y 

1

su  du − 2 1
8y u2 1y2 du

 − 2 1
8 (2su ) 1 C − 2 1

4 s1 2 4x 2 1 C Q

Check the answer by differentiating it.
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 SECTION 4.5  The Substitution Rule 343

The answer to Example 3 could be checked by differentiation, but instead let’s  
check  it with a graph. In Figure 1 we have used a computer to graph both the integrand
f sxd − xys1 2 4x 2  and its indefinite integral tsxd − 2 1

4 s1 2 4x 2  (we take the case 
C − 0). Notice that tsxd decreases when f sxd is negative, increases when f sxd is posi-
tive, and has its minimum value when f sxd − 0. So it seems reasonable, from the graphi-
cal evi dence, that t is an antiderivative of f.

EXAMPLE 4  Evaluate y cos 5x dx.

SOLUTION If we let u − 5x, then du − 5 dx, so dx − 1
5 du. Therefore

 y cos 5x dx − 1
5 y cos u du − 1

5 sin u 1 C − 1
5 sin 5x 1 C Q

NOTE With some experience, you might be able to evaluate integrals like those in 
Examples 1– 4 without going to the trouble of making an explicit substitution. By recog-
nizing the pattern in Equation 3, where the integrand on the left side is the product of the 
derivative of an outer function and the derivative of the inner function, we could work 
Example 1 as follows:

 y x 3 cossx 4 1 2d dx − y cossx 4 1 2d ! x 3 dx − 1
4 y cossx 4 1 2d ! s4x 3d dx

 − 1
4 y cossx 4 1 2d !

d
dx

 sx 4 1 2d dx − 1
4 sinsx 4 1 2d 1 C

Similarly, the solution to Example 4 could be written like this:

y cos 5x dx − 1
5 y 5 cos 5x dx − 1

5 y 
d
dx

 ssin 5xd dx − 1
5 sin 5x 1 C

The following example, however, is more complicated and so an explicit substitution is 
advisable.

EXAMPLE 5  Find y s1 1 x 2  x 5 dx.

SOLUTION An appropriate substitution becomes more obvious if we factor x 5 as x 4 ? x. 
Let u − 1 1 x 2. Then du − 2x dx, so x dx − 1

2 du. Also x 2 − u 2 1, so x 4 − su 2 1d2:

 y s1 1 x 2  x 5 dx − y s1 1 x 2  x 4 ! x dx

 − y su  su 2 1d2 !  12 du − 1
2 y su  su 2 2 2u 1 1d du 

 − 1
2 y su 5y2 2 2u 3y2 1 u 1y2 d du

 − 1
2 (2

7 u 7y2 2 2 ! 2
5u 5y2 1 2

3u 3y2) 1 C

  − 1
7 s1 1 x 2 d7y2 2 2

5 s1 1 x 2 d5y2 1 1
3 s1 1 x 2 d3y2 1 C  Q

Definite Integrals
When evaluating a definite integral by substitution, two methods are possible. One 
method is to evaluate the indefinite integral first and then use the Fundamental Theorem. 

1

_1

_1 1

©=! ƒ dx

f

FIGURE 1 

  f sxd −  
x

s1 2 4x 2 
 

 tsxd − y f sxd dx − 2 1
4 s1 2 4x 2 
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344 CHAPTER 4  Integrals

For instance, using the result of Example 2, we have 

 y4

0
 s2x 1 1 dx − y s2x 1 1 dxg 0

4

 − 1
3 s2x 1 1d3y2g 0

4
− 1

3 s9d3y2 2 1
3 s1d3y2

 − 1
3 s27 2 1d − 26

3

Another method, which is usually preferable, is to change the limits of integration when 
the variable is changed.

5This rule says that when using a sub-
stitution in a definite integral, we must 
put everything in terms of the new 
variable u , not only x and dx but also 
the limits of integration. The new limits 
of integration are the values of u  that 
correspond to x − a and x − b.

  The Substitution Rule for Definite Integrals If t9 is continuous on fa, bg 
and f  is continuous on the range of u − tsxd, then

yb

a
 f stsxdd t9sxd dx − ytsbd

tsad
 f su d du

PROOF Let F be an antiderivative of f. Then, by (3), Fstsxdd is an antiderivative of 
f stsxdd t9sxd, so by Part 2 of the Fundamental Theorem, we have

yb

a
 f stsxdd t9sxd dx − Fstsxddgb

a
− Fstsbdd 2 Fstsadd

But, applying FTC2 a second time, we also have

 ytsbd

tsad
 f su d du − Fsu dgtsad

tsbd
− Fstsbdd 2 Fstsadd Q

EXAMPLE 6 Evaluate y4

0
 s2x 1 1 dx using (5).

SOLUTION Using the substitution from Solution 1 of Example 2, we have u − 2x 1 1 
and dx − 1

2 du . To find the new limits of integration we note that

when x − 0, u − 2s0d 1 1 − 1    and    when x − 4, u − 2s4d 1 1 − 9

Therefore

  y4

0
 s2x 1 1 dx − y9

1
 12 su   du

  − 1
2 ! 2

3 u 3y2g1

9

  − 1
3 s93y2 2 13y2 d − 26

3

Observe that when using (5) we do not return to the variable x after integrating. We 
simply evaluate the expression in u  between the appropriate values of u .  Q

EXAMPLE 7  Evaluate y2

1
 

dx
s3 2 5xd2 .

The integral given in Example 7 is an 
abbreviation for

y2

1
 

1
s3 2 5xd2  dx
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 SECTION 4.5  The Substitution Rule 345

SOLUTION Let u − 3 2 5x. Then du − 2 5 dx, so dx − 2 1
5 du. When x − 1, u − 2 2 

and when x − 2, u − 2 7. Thus

 y2

1
 

dx
s3 2 5xd2 − 2

1
5

 y2 7

2 2
 
du
u 2

 − 2
1
5

 F2
1
uG2 2

2 7

−
1

5uG2 2

2 7

  −
1
5

 S2
1
7

1
1
2D −

1
14

 Q

Symmetry
The next theorem uses the Substitution Rule for Definite Integrals (5) to simplify the 
calculation of integrals of functions that possess symmetry properties.

6   Integrals of Symmetric Functions Suppose f  is continuous on f2 a, ag.

(a) If f  is even f f s2 xd − f sxdg, then ya

2 a
 f sxd dx − 2 ya

0  f sxd dx.

(b) If f  is odd f f s2 xd − 2 f sxdg, then ya

2 a
 f sxd dx − 0.

PROOF We split the integral in two:

ya

2 a
 f sxd dx − y0

2 a
 f sxd dx 1 ya

0
 f sxd dx − 2 y2 a

0
 f sxd dx 1 ya

0
 f sxd dx

In the first integral on the far right side we make the substitution u − 2 x. Then 
du − 2 dx and when x − 2 a, u − a. Therefore

2 y2 a

0
 f sxd dx − 2 ya

0
 f s2 ud s2 dud − ya

0
 f s2 ud du

and so Equation 7 becomes

ya

2 a
 f sxd dx − ya

0
 f s2 ud du 1 ya

0
 f sxd dx

(a) If f  is even, then f s2 ud − f sud so Equation 8 gives 

ya

2 a
 f sxd dx − ya

0
 f sud du 1 ya

0
 f sxd dx − 2 ya

0
 f sxd dx

(b) If f  is odd, then f s2 ud − 2 f sud and so Equation 8 gives

 ya

2 a
 f sxd dx − 2 ya

0
 f sud du 1 ya

0
 f sxd dx − 0 Q

Theorem 6 is illustrated by Figure 2. For the case where f  is positive and even,  
part (a) says that the area under y − f sxd from 2 a to a is twice the area from 0 to a 
because of sym metry. Recall that an integral yb

a  f sxd dx can be expressed as the area 
above the x-axis and below y − f sxd minus the area below the axis and above the 
curve. Thus part (b) says the integral is 0 because the areas cancel.

7

8

0

y

x_a a

(a) ƒ ev en, j    ƒ dx=2 j  ƒ dx
0

a

_a

a

0
x

_a
a

y

(b) ƒ odd, j    ƒ dx=0
_a

a

FIGURE 2 
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346 CHAPTER 4  Integrals

EXAMPLE 8  Since f sxd − x 6 1 1 satisfies f s2 xd − f sxd, it is even and so

 y2

2 2
 sx 6 1 1d dx − 2 y2

0
 sx 6 1 1d dx

  − 2f1
7 x 7 1 xg 0

2
− 2(128

7 1 2) − 284
7  Q

EXAMPLE 9  Since f sxd − stan xdys1 1 x 2 1 x 4 d satisfies f s2 xd − 2 f sxd, it is odd 
and so

 y1

2 1
 

tan x
1 1 x 2 1 x 4  dx − 0 Q

1–6 Evaluate the integral by making the given substitution.

 1. y cos 2x dx, u − 2x

 2. y xs2x 2 1 3d4 dx , u − 2x 2 1 3

 3. y x 2 sx 3 1 1 dx, u − x 3 1 1

 4. y sin2 ! cos ! d!,    u − sin !

 5. y 
x 3

sx4 2 5d2  dx ,    u − x4 2 5

 6. y s2t 1 1  dt,    u − 2t 1 1

7–30 Evaluate the indefinite integral.

 7. y xs1 2 x 2 dx 8. y x 2 sinsx 3d dx

 9. y s1 2 2xd9 dx 10. y sin t s1 1 cost   dt

 11. y sins2!y3d d! 12. y sec2 2! d!

 13. y sec 3t tan 3t dt 14. y y 2s4 2 y 3d2y3 dy

 15. y cos s1 1 5td dt 16. y 
sin sx 

sx 
 dx

 17. y sec2! tan3! d! 18. y sin x sinscos xd dx

 19. y sx 2 1 1dsx 3 1 3xd4 dx 20. y x sx 1 2  dx

 21. y 
a 1 bx 2

s3ax 1 bx 3 
 dx 22. y 

coss"yxd
x 2  dx

 23. y 
z2

s3 1 1 z3 
 dz 24. y 

dt
cos2 ts1 1 tan t 

 25. y scot x  csc2x dx 26. y 
sec 2x
tan2 x

 dx

 27. y sec3x tan x dx 28. y x 2s2 1 x  dx

 29. y xs2x 1 5d8 dx 30. y x 3sx 2 1 1 dx

31–34 Evaluate the indefinite integral. Illustrate and check that 
your answer is reasonable by graphing both the function and its 
antiderivative (take C − 0).

 31. y xsx 2 2 1d3 dx 32. y tan2! sec2! d!

 33. y sin3x cos x dx 34. y sin x cos4x dx

35–51 Evaluate the definite integral.

 35. y1

0
 coss" ty2d dt 36. y1

0
 s3t 2 1d50 dt

 37. y1

0
 s3 1 1 7x  dx 38. ys"

0
 x cossx 2 d dx

 39. y"y6

0
 

sin t
cos2t

 dt 40. y2"y3

"y3
 csc2 ( 1

2t) dt

 41. y"y4

2 "y4
 sx 3 1 x 4 tan xd dx 42. y"y2

0
 cos x sinssin xd dx

 43. y13

0
 

dx

s3 s1 1 2xd2 
 44. ya

0
 xsa 2 2 x 2  dx

 45. ya

0
 xsx 2 1 a 2  dx sa . 0d 46. y"y3

2 "y3
 x 4 sin x dx

;
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 SECTION 4.5  The Substitution Rule 347

 62.  If f  is continuous on R, prove that

yb

a
 f sx 1 cd dx − yb1 c

a1 c
 f sxd dx

For the case where f sxd > 0, draw a diagram to interpret 
this equation geometrically as an equality of areas.

 63. If a and b are positive numbers, show that

y1

0
 x as1 2 xdb dx − y1

0
 x bs1 2 xda dx

 64.  If f  is continuous on f0, "g, use the substitution u − " 2 x 
to show that

y"

0
 xf ssin xd dx −

"

2
 y"

0
 f ssin xd dx

 65.  If f  is continuous, prove that

y"y2

0
 f scos xd dx − y"y2

0
 f ssin xd dx

 66.  Use Exercise 65 to evaluate y"y2

0
 cos2x dx and y"y2

0
 sin2x dx.

The following exercises are intended only for those who have 
already covered Chapter 6.

67–84 Evaluate the integral.

 67. y 
dx

5 2 3x
 68. y e2 5r dr

 69. y 
sln xd2

x
 dx 70. y 

dx
ax 1 b

  sa ± 0d

 71. y e x s1 1 e x  dx 72. y ecos t sin t dt

 73. y 
sarctan xd2

x 2 1 1
 dx 74. y 

x
x 2 1 4

 dx

 75. y 
1 1 x
1 1 x 2  dx 76. y 

sinsln xd
x

 dx

 77. y 
sin 2x

1 1 cos2x
 dx 78. y 

sin x
1 1 cos2x

 dx

 79. y cot x dx 80. y 
x

1 1 x 4  dx

 81. ye4

e
 

dx

xsln x 
 82. y1

0
 xe2 x 2

 dx

 83. y1

0
 
e z 1 1
e z 1 z

 dz 84. y 2

0
 sx 2 1desx2 1d2

 dx

 85. Use Exercise 64 to evaluate the integral

y"

0
 

x sin x
1 1 cos2x

 dx

 47. y2

1
 xsx 2 1 dx 48. y4

0
 

x

s1 1 2x 
 dx

 49. y1

1y2
 
cossx2 2d

x 3
 dx

 50. yTy2

0
 sins2" tyT 2 #d dt

 51. y1

0
 

dx

(1 1 sx )4

 52.  Verify that f sxd − sin s3 x  is an odd function and use that 
fact to show that

0 < y3

2 2
 sin s3 x  dx < 1

53–54 Use a graph to give a rough estimate of the area of the 
region that lies under the given curve. Then find the exact area.

 53. y − s2x 1 1,  0 < x < 1

 54. y − 2 sin x 2 sin 2x,  0 < x < "

 55.  Evaluate y2
2 2 sx 1 3ds4 2 x 2 dx by writing it as a sum of  

two integrals and interpreting one of those integrals in terms 
of an area.

 56.  Evaluate y1
0 xs1 2 x 4 dx by making a substitution and 

interpreting the resulting integral in terms of an area.

 57.  Breathing is cyclic and a full respiratory cycle from the 
beginning of inhalation to the end of exhalation takes 
about 5 s. The maximum rate of air flow into the lungs 
is about 0.5 Lys. This explains, in part, why the function 
f std − 1

2 sins2" ty5d has often been used to model the rate 
of air flow into the lungs. Use this model to find the volume 
of inhaled air in the lungs at time t.

 58.  A model for the basal metabolism rate, in kcalyh, of a 
young man is Rstd − 85 2 0.18 coss" ty12d, where t is the 
time in hours measured from 5:00 am. What is this man’s 
total basal metabolism, y24

0  Rstd dt, over a 24-hour time 
period?

 59. If f  is continuous and y4

0
 f sxd dx − 10, find y2

0
 f s2xd dx.

 60.  If f  is continuous and y9

0
 f sxd dx − 4, find y3

0
 xf sx 2 d dx.

 61.  If f  is continuous on R, prove that

yb

a
 f s2 xd dx − y2 a

2 b
 f sxd dx

For the case where f sxd > 0 and 0 , a , b, draw a dia-
gram to interpret this equation geometrically as an equality 
of areas.

;
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348 CHAPTER 4  Integrals

CONCEPT CHECK Answers to the Concept Check can be found on the back endpapers.

4 REVIEW

 1. (a)  Write an expression for a Riemann sum of a function f  
on an interval fa, bg. Explain the meaning of the notation 
that you use.

 (b)  If f sxd > 0, what is the geometric interpretation of a  
Riemann sum? Illustrate with a diagram.

 (c)  If f sxd takes on both positive and negative values, what is 
the geometric interpretation of a Riemann sum? Illustrate 
with a diagram.

 2. (a)  Write the definition of the definite integral of a contin-
uous function from a to b.

 (b)  What is the geometric interpretation of yb
a  f sxd dx if 

f sxd > 0?
 (c)  What is the geometric interpretation of yb

a  f sxd dx if f sxd 
takes on both positive and negative values? Illustrate with 
a diagram.

 3. State the Midpoint Rule.

 4. State both parts of the Fundamental Theorem of Calculus.

 5. (a) State the Net Change Theorem.
 (b)  If rstd is the rate at which water flows into a reservoir, 

what does yt2
t1
 rstd dt represent?

 6.  Suppose a particle moves back and forth along a straight line 
with velocity vstd, measured in feet per second, and accelera-
tion astd.

 (a) What is the meaning of y120
60  vstd dt?

 (b) What is the meaning of y120
60 | vstd | dt?

 (c) What is the meaning of y120
60  astd dt?

 7. (a) Explain the meaning of the indefinite integral y f sxd dx.
 (b)  What is the connection between the definite integral 

yb
a  f sxd dx and the indefinite integral y f sxd dx?

 8.  Explain exactly what is meant by the statement that “differen-
tiation and integration are inverse processes.”

 9.  State the Substitution Rule. In practice, how do you use it?

TRUE-FALSE QUIZ

Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement.

 1. If f  and t are continuous on fa, bg, then

yb

a
 f f sxd 1 tsxdg dx − yb

a
 f sxd dx 1 yb

a
 tsxd dx

 2. If f  and t are continuous on fa, bg, then 

yb

a
 f f sxdtsxdg dx − Syb

a
 f sxd dxDSyb

a
 tsxd dxD

 3. If f  is continuous on fa, bg, then

yb

a
 5f sxd dx − 5 yb

a
 f sxd dx

 4. If f  is continuous on fa, bg, then

yb

a
 xf sxd dx − x yb

a
 f sxd dx

 5. If f  is continuous on fa, bg and f sxd > 0, then

yb

a
 sf sxd  dx − Îyb

a
 f sxd dx  

 6. If f 9 is continuous on f1, 3g, then y3

1
 f 9svd dv − f s3d 2 f s1d.

 7.  If f  and t are continuous and f sxd > tsxd for a < x < b, then

yb

a
 f sxd dx > yb

a
 tsxd dx

  8.  If f  and t are differentiable and f sxd > tsxd for a , x , b, 
then f 9sxd > t9sxd for a , x , b.

  9. y1

2 1
Sx 5 2 6x 9 1

sin x
s1 1 x 4 d2D dx − 0

 10. y5

2 5
 sax 2 1 bx 1 cd dx − 2 y5

0
 sax 2 1 cd dx

 11. All continuous functions have derivatives.

 12. All continuous functions have antiderivatives.

 13. y2!

!
 
sin x

x
 dx − y3!

!
 
sin x

x
 dx 1 y2!

3!
 
sin x

x
 dx

 14.  If y1
0 f sxd dx − 0, then f sxd − 0 for 0 < x < 1.

 15.  If f  is continuous on fa, bg, then

d
dx Syb

a
 f sxd dxD − f sxd

 16.  y2
0 sx 2 x 3d dx represents the area under the curve y − x 2 x 3 

from 0 to 2.

 17. y1

2 2
 

1
x 4  dx − 2

3
8

 18.  If f  has a discontinuity at 0, then y1

2 1
 f sxd dx does not exist.
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 7.  The figure shows the graphs of f, f 9, and yx
0 f std dt. Identify 

each graph, and explain your choices.

y

x
a

b

c

 8. Evaluate:

 (a) y"y2

0
 

d
dx

 Ssin 
x
2

 cos 
x
3D dx

 (b) 
d

dx
 y"y2

0
 sin 

x
2

 cos 
x
3

 dx

 (c) 
d

dx
 y"y2

x
 sin 

t
2

 cos 
t
3

 dt

 9.  The graph of f  consists of the three line segments shown. If 
tsxd − yx

0 f std dt, find ts4d and t9s4d.

y

t0 2

1 f

 10.  If f  is the function in Exercise 9, find t 0s4d.

11–30 Evaluate the integral, if it exists.

 11. y2

1
 s8x 3 1 3x 2 d dx 12. yT

0
 sx 4 2 8x 1 7d dx

 13. y1

0
 s1 2 x 9 d dx 14. y1

0
 s1 2 xd9 dx

 15. y9

1
 
su 2 2u2

u
 du 16. y1

0
 (s4 u 1 1)2 du

 17. y1

0
 ysy2 1 1d5 dy 18. y2

0
 y 2s1 1 y 3  dy

 19. y5

1
 

dt
st 2 4d2  20. y1

0
 sins3"td dt

 21. y1

0
 v2 cossv3d dv 22. y1

2 1
 

sin x
1 1 x 2  dx

 23. y"y4

2 "y4
 

t 4 tan t
2 1 cos t

 dt 24. y 
x 1 2

sx 2 1 4x 
 dx

 1.  Use the given graph of f  to find the Riemann sum with six 
subintervals. Take the sample points to be (a) left endpoints 
and (b) midpoints. In each case draw a diagram and explain 
what the Riemann sum represents.

2 x

y

2

0 6

y=ƒ

 2. (a) Evaluate the Riemann sum for

f sxd − x 2 2 x    0 < x < 2

   with four subintervals, taking the sample points to be 
right endpoints. Explain, with the aid of a diagram, 
what the Riemann sum represents.

 (b)  Use the definition of a definite integral (with right end-
points) to calculate the value of the integral

y2

0
 sx 2 2 xd dx

 (c)  Use the Fundamental Theorem to check your answer to 
part (b).

 (d)  Draw a diagram to explain the geometric meaning of 
the integral in part (b).

 3. Evaluate

y1

0
 sx 1 s1 2 x 2 d dx

by interpreting it in terms of areas.

 4. Express

lim
n l `

 o
n

i−1
 sin xi Dx

as a definite integral on the interval f0, "g and then evaluate 
the integral.

 5. If y6
0 f sxd dx − 10 and y4

0 f sxd dx − 7, find y6
4 f sxd dx.

 6. (a)  Write y5
1 sx 1 2x 5 d dx as a limit of Riemann sums, 

taking the sample points to be right endpoints. Use a 
computer algebra system to evaluate the sum and to 
compute the limit.

 (b)  Use the Fundamental Theorem to check your answer  
to part (a).

CAS

EXERCISES
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350 CHAPTER 4  Integrals

estimate the distance the runner covered during those 5 
seconds.

t (s) v smysd t (s) v smysd

0  0 3.0  10.51

0.5  4.67 3.5  10.67

1.0  7.34 4.0  10.76

1.5  8.86 4.5  10.81

2.0  9.73  5.0  10.81

2.5 10.22  

 49.  A population of honeybees increased at a rate of rstd bees 
per week, where the graph of r is as shown. Use the Mid-
point Rule with six subintervals to estimate the increase in 
the bee population during the first 24 weeks.

r

0 2420161284
(weeks)

t

4000

8000

12000

 50. Let

f sxd − H2 x 2 1
2 s1 2 x 2 

if 2 3 < x < 0
if 0 < x < 1

Evaluate y1
2 3 f sxd dx by interpreting the integral as a differ-

ence of areas.

 51.  If f  is continuous and y2
0 f sxd dx − 6, evaluate 

y"y2
0

 f s2 sin !d cos ! d!.

 52.  The Fresnel function Ssxd − yx
0 sin(1

2" t 2) dt was introduced  
in Section 4.3. Fresnel also used the function

Csxd − yx

0
 cos(1

2  " t 2) dt

in his theory of the diffraction of light waves.
(a) On what intervals is C increasing?
(b) On what intervals is C concave upward?
(c)  Use a graph to solve the following equation correct to 

two decimal places:

y x

0
 cos(1

2 " t 2) dt − 0.7

(d)  Plot the graphs of C and S on the same screen. How are 
these graphs related?

CAS

CAS

 25. y sin "t cos "t dt 26. y sin x cosscos xd dx

 27. y"y8

0
 sec 2! tan 2! d! 28. y"y4

0
 s1 1 tan td3 sec2t dt

 29. y3

0
 | x 2 2 4 | dx 30. y4

0
 | sx  2 1 | dx

31–32 Evaluate the indefinite integral. Illustrate and check 
that your answer is reasonable by graphing both the function 
and its antiderivative (take C − 0).

 31. y 
cos x

s1 1 sin x 
 dx 32. y 

x 3

sx 2 1 1
 dx

 33.  Use a graph to give a rough estimate of the area of the 
region that lies under the curve y − xsx  , 0 < x < 4. 
Then find the exact area.

 34.  Graph the function f sxd − cos2x sin x and use the graph 
to guess the value of the integral y2"

0  f sxd dx. Then evaluate 
the integral to confirm your guess.

35–40 Find the derivative of the function.

 35. Fsxd − yx

0
 

t 2

1 1 t 3  dt 36. Fsxd − y1

x
 st 1 sin t   dt

 37. tsxd − yx4

0
 cosst 2d dt 38. tsxd − ysin x

1
 
1 2 t 2

1 1 t 4  dt

 39. y − yx

sx
 
cos !

!
 d! 40. y − y3x1 1

2x
 sinst 4 d dt

41–42 Use Property 8 of integrals to estimate the value of the 
integral.

 41. y3

1
 sx 2 1 3  dx 42. y5

3
 

1
x 1 1

 dx

43–44 Use the properties of integrals to verify the inequality.

 43. y1

0
 x 2 cos x dx <

1
3

 44. y"y2

"y4
 
sin x

x
 dx <

s2 

2

 45.  Use the Midpoint Rule with n − 6 to approximate 
y3

0 sinsx 3d dx.

 46.  A particle moves along a line with velocity function 
vstd − t 2 2 t, where v is measured in meters per second. 
Find (a) the displacement and (b) the distance traveled by  
the particle during the time interval f0, 5g.

 47.  Let rstd be the rate at which the world’s oil is consumed, 
where t is measured in years starting at t − 0 on Janu- 
ary 1, 2000, and rstd is measured in barrels per year.  
What does y8

0 rstd dt represent?

 48.  A radar gun was used to record the speed of a runner at 
the times given in the table. Use the Midpoint Rule to 

;

;

;
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 56. Find 

lim
h l 0

 
1
h

 y21 h

2
 s1 1 t 3  dt

 57. If f  is continuous on f0, 1g, prove that

y1

0
 f sxd dx − y1

0
 f s1 2 xd dx

 58. Evaluate

lim
n l `

 
1
n

 FS 1
nD9

1 S 2
nD9

1 S 3
nD9

1 ∙ ∙ ∙ 1 S n
nD9G

 53. If f  is a continuous function such that

yx

0
 f std dt − x sin x 1 yx

0
 

 f std
1 1 t 2  dt

for all x, find an explicit formula for f sxd.

 54.  Find a function f  and a value of the constant a such that

2 y x

a
 f std dt − 2 sin x 2 1

 55. If f 9 is continuous on fa, bg, show that

2 yb

a
 f sxd f 9sxd dx − f f sbdg2 2 f f sadg2
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